A-LEVEL MATHEMATICS « EXERCISE SHEET

3.5 Integration (by parts, substitution,

partial fractions)

Name: Class: Date: Total: 16 marks

KEY WORDS substitution {27014 « integration f114) « integration by parts 437 f14)
« partial fractions 343433 « rational function £y 3 %L

Objective
Build the skills to answer exam questions on integration 14} in Pure 3 — the standard
integration by parts 4} #FfH 4>, substitution fft JTTFH4), partial
kf'(x)
f(z)

You must be able to:

integral ————
2+ a?’

fractions, and the pattern.

+ recognise [ i dr = Ltan™ £+ C and f%sf))dm:kln\f(a:)|+c

« integrate by parts and by a given substitution
« integrate a rational function via partial fractions

1 Worked examples

B By parts & the log pattern
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4
> area =f0ydx

,_—

X

b
fa f(x) dx = net signed area between y = f(x) and the x-axis

A definite integral is still an area; Pure 8 adds the methods to evaluate harder ones

y = f(x)

rotate the region around the x-axis to sweep a solid

An application of integration: a volume of revolution
zcoszdr — by parts (u = z, dv = coszdz): = zsinz — [sinzdr = zsinz +
cosz + C.

2
/Tml dr = In(2* + 1) + C (top is the derivative of the bottom).
T
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2 Practice 3.3 (a) Express

2.1 Find /;dx
22 +9

1 i tial fracti
———— in partial fractions.
(z)(z +2)

5 "3

; 3z b) H ,,ﬁd/ _ 4
2.2 Fllld/m3+1dr‘ 2 (b) Hence fin IACED)

dz, giving an exact answer.

3 Exam-style questions
3.1 /me“’ dx equals: 1]

o Axe®—e"+C
e Bret+e*+C
. C%xzeerC

e De*+C

2
3.2 Use the substitution u = 1 + 22 to find / vV 1+ 2?de. 5
0
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Solutions
1 1T
2.1 ;tan 3 +C.

2.2In|z* + 1|+ C.
3.1 A. By parts: ze® — [e"dz = ze® —e® + C.

3.2u=1+2>= du=2xdr, so vdr = %du; limitsz =0 su=12=2— u=0>5

/1 Ladu =13 [26%?]7 = 1(5%2 = 1); = }(11.180 — 1) = 3.30.

2 2
33(a)d=Ax+2)+Br;z=0=>A=2,0=-2=B=-2; —— .
) T T+2
(b) /‘; 2 2 dx [thx 21n(z+2)]3 2In —— ’3 2(Inf—Ini)=2mn?
Z_ v = — = D= 3 _Ini)=2In?.
L \z x+2 1 x4+ 20 5 3 5
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