Pure Mathematics 3

A-Level Mathematics

This handout covers Topic 3: Pure Mathematics 3. Subtopics 3.1-3.6 build
on the algebra, logarithms, trigonometry, differentiation, integration and numerical
methods of Pure Mathematics 2, so this handout explains what is new in Pure 3
and then covers the three big new areas: vectors, differential equations and complex
numbers.

Algebra

Two new tools join the algebra from Pure 2.

B Partial fractions

A single fraction with a factorised bottom can be split into a sum of simpler fractions.
This is called writing it in partial fractions , and it makes a rational
function (a fraction of polynomials) easy to integrate or expand. Match
the form to the bottom:

First check the top is lower degree than the bottom. If it is not (“top-heavy”),
divide the polynomial first: dividing gives a quotient plus a remainder
over the original bottom, and you split only that remaining proper fraction.

T+ 4 split 2 1
(z+1)(z—2) z—2 x+1

One fraction with a factorised bottom splits into a sum of simpler fractions.

1 A B 1 A, B _cC
(ax + b)(cz + d) (ax +b)(cx +d)2  ax+b cr+d (cx+d)?

_ax+b+cac—|—d7

T 44
Worked example. Express (x—l—ll)tx—Q) in partial fractions.
r+4 A

it = 4=A(x —2 B 1). Put z = 2:
ere(:r;—i—l)(x—Q) po $_2,sox+ (x—2)+ B(z+1). Put x
6=3B,s0o B=2. Putz=—-1: 3=—-3A4,s0 A= —1. Hence

r+4 2 1
(z+1)(z—2) -2 a+1

B The binomial expansion for a rational power

The binomial expansion also works when the power is a fraction or is

negative, as long as |z| < 1:
-1 —1)(n—2
(1+x)n=1+nx+n(n2’ )x2+n(n 3)'(n )I3+"‘

For example (1+2)"? =1+ iz — La? + .- for |z| < 1.

Logarithms, trigonometry and numerical methods (from Pure
2)

Subtopics 3.2, 3.3 and 3.6 are the same skills you met in Pure 2: the laws of logarithms
with e and In 2; the identities sec? # = 1+tan® 6 and csc? § = 14-cot? §, the compound-
and double-angle formulae, and the R-form of asin 6 + b cos 6; and solving an equation
numerically by a sign change and an iterative formula
F(x,). Use them exactly as before.

Tn+1 =

The three new trig functions are the reciprocals of the familiar ones: the

secant sec) = ——, the cosecant cscl = —
cos sin
‘0 1 cos
cotf = = .
tanf  sinf
The two Pythagorean identities above come straight from dividing sin® 6 + cos? 0 = 1
by cos? @ or sin?#. For a numerical method, an iteration z,,,; = F(z,,) converges

to the root when successive values get closer together.

, and the cotangent

(Memory aid: match the third letter — sec goes with cosine.)

Differentiation

The methods are those of Pure 2 (the product, quotient and chain rules, with para-
metric and implicit curves). One derivative is added — the inverse tangent

7tan71$—;
dx 1 4a?

Worked example. Differentiate y = tan—!(3z).

d 1 3
Use the chain rule with the result above: ﬁ = [ENETSE X3 = 1+ 922

Integration

Pure 3 adds several powerful methods.

1
¢ A new standard integral: / de = ~tan™! L +C.
a a

1'2 + CL2
o Partial fractions: split a rational function first, then integrate each piece as a
logarithm.



k f 2
o The pattern f(gj) this integrates to kln|f(x)|+C. For example / T—T—l dr =
In(z? +1) + C.
. dv du
o Integration by parts , used for a product: [ u T de =uv— [ v T dx.
x x

o Integration by substitution
integral into an easy one.

. a given change of variable turns a hard

Worked example. Find / xcosxdr.

dv du
Use integration by parts with « = x and — = cosz, so — =1 and v = sin x:

dx dx

/xcosa:d:r—xsinx—/sinxd:ﬂ—xsinx—l-cosx—l—C'.

Vectors

Forces like wind and water are vectors — they have both size and direction.

A vector has both size and direction. Write it as a column, or as xi + yj + 2k,

(length) of v = zi+ yj + zk is |v| = /22 +¢* + 22.

has magnitude 1; divide a vector by its magnitude to

or as AB.

e The magnitude

¢ A unit vector
make one.

¢ A position vector gives a point’s place from the origin; a displacement

vector A

scalar

= b — a goes from one point to another. Multiplying by a
(a plain number) stretches a vector.

B Lines and the scalar product

A straight line through point a in direction b has vector equation r = a + tb. Two
lines may be parallel , may intersect at a point, or may be skew lines
(not parallel and never meeting).

liner=a+tb

Start at the point a, then add t copies of the direction b to reach any point on the line.

The scalar product (dot product) of a and b is
a-b= albl + (ZQbQ + a3b3 = |a| |b| COS 9,

where 6 is the angle between them. So a-b = 0 means the vectors are perpendicular.

19 |b| cos 6

The scalar product picks out |b|cos@, how far b reaches along a.
Worked example. Find the angle between a =i+ 2j+ 2k and b = 2i + 2j + k.
a-b=(1)(2)+(2)(2)+2)(1) =8, |a] =[b[=3.

8 8
So cosf = Ix3- 9 giving 6 = 27.3°.




Differential equations

A differential equation links a quantity to its rate of change. To solve
a first-order equation whose variables are separable , put all the y terms
on one side and all the x terms on the other, then integrate both sides. This gives the
general solution , which contains a constant. An initial condition

(a known value) fixes the constant and gives the particular solution

d
| Worked example. Solve TU = zy, given that y = 1 when =z = 0.
dx

Separate the variables and integrate:

1
/dy—/:rdx = hy=1r"+c => y= Ae” /%,
Y

Usingy=1atz=0gives A=1,s0y =e"/2

= particular: y = ?\;e;lsﬁlgfzgmly

initial condition \

N y=1latx=0

general: family with A - IC - particular solution

The constant A gives a whole family of curves; the condition y =1 at x = 0 selects
2/2
y=e" /2

Complex numbers

Self-similar patterns like Romanesco arise from iterating functions in the complex

plane.
A complex number has the form z = z + iy, where i> = —1. Here z is the real
part and y is the imaginary part . This x + 1y is the Cartesian form

. Two complex numbers are equal only when their real parts match and
their imaginary parts match.

e The conjugate of z = x4+ iy is z* = x — iy. For a polynomial with real
coefficients, any non-real roots come in conjugate pairs.

o The modulus  is |z| = y/2? + y? (its distance from the origin) and the argu-
ment is the angle the point makes, measured from the positive real axis.

e You can plot z as a point on an Argand diagram (the complex plane).

o The polar form is 2 = r(cosf +isinf) = re?, where r = |z| and 0 is
the argument. Multiplying multiplies the moduli and adds the arguments.

¢ The loci of points satisfying a condition on z are drawn on the Argand diagram
—eg. |z—al = risacircle, |z —a|l = |z — b a perpendicular bisector, and
arg(z — a) = 0 a half-line. The square roots of a complex number come from
solving w? = 2.



Im
A
z=x+1y
y ,,,,,,,,,,,,,,
r=|z| :
|
|
|
|
arg z |
0 x Re
Zf=x—y

On the Argand diagram |z| is the distance from O, arg z the angle, and z* the
reflection in the real axis.

To divide, multiply top and bottom by the conjugate of the bottom.

34
Worked example. Write 1 i Z in the form x + dy.

—1

344 (3+d)(1+4) 3+3i+i+® 244

- - — 142
1—i (1—i)(1+9) 1+1 2 e

An equation or inequality in z describes a locus (a path or region) on the Argand
diagram. For example |z — a| = 7 is a circle of radius 7 centred at a.

Im
A

O Re

|z — a| = r is the set of points a fized distance v from a — a circle.

Exam tips

« Split a rational function into partial fractions before integrating or expanding.

o Choose the right integration technique (substitution, by parts, or partial frac-
tions) from the form of the integrand.

o Use the scalar (dot) product for the angle between vectors and to test for
perpendicularity; write a line as r = a + tb.

« Give complex numbers in the form asked for (Cartesian or modulus-argument)
and show them on an Argand diagram.



