A-LEVEL MATHEMATICS « EXERCISE SHEET

6.1 The Poisson distribution
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Objective

Build the skills to answer exam questions on the Poisson distribution — using

Po()), adding Poisson variables, and the Poisson approximation to the binomial.

You must be able to:

A’l"
e use P(X =r) =e " (mean = variance = )
r

« combine independent Poisson variables (the sum is Poisson)
« use Po(np) to approximate B(n,p) when n large, p small

1 Key knowledge and worked examples

B Poisson probabilities
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For a Poisson variable the mean and variance both equal A
32
X ~Po(3): P(X =2) =e 3= =4.5e7% =0.224.

2!

PX21)=1-PX=0)=1-¢"3=0.950.

B Key knowledge: Combining Poisson intervals

A constant-rate Poisson model has mean proportional to interval length. Independent
counts over disjoint intervals add.

B Worked example: Combining Poisson intervals
Calls arrive at 3 per hour. Over 20 minutes, A = 3(20/60) = 1. Therefore P(X =
0)=e¢1~03679, and P(X >2)=1-P(X =0)— P(X =1)=1-2¢"! ~0.2642.
The mean 3 would apply to a full hour, not 20 minutes.

2 Practice

2.1 X ~ Po(2). Find P(X =0). 2]

2.2 State the variance of Po(4.5). (1]

3 Exam-style questions
3.1 For X ~ Po()), the mean equals: (1]
(] 25
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3.2 Calls arrive at a switchboard at a mean rate of 1.5 per minute, as a Poisson process.

a) Find the probability of exactly 2 calls in a given minute. 2]
p Yy

(b) Find the probability of at least 1 call in a 2-minute period. E

3.3 A factory makes items with a 0.5% defect rate. A box holds 400 items. Using

a Poisson approximation, find the probability that a box contains exactly 3 defective
items. (4]




