A-LEVEL MATHEMATICS  EXERCISE SHEET

6.4 Sampling and estimation

Name: — C(Class: Date: Total: 13 marks
KEY WORDS sample « confidence interval e population

« central limit theorem « sample mean

Objective

Build the skills to answer exam questions on sampling and estimation —

, the Central Limit Theorem
, and confidence intervals

the distribution of the sample mean
, unbiased estimates

You must be able to:

2
o use B(X) =y, Var(X) = 7 and the CLT
n

« find unbiased estimates of the population mean and variance

« find a confidence interval T + zi

NG
1 Key knowledge and worked examples

B Confidence interval

population
(any shape)

distribution of Ehe
sample mean X

/

e

CLT: X = N(u, 0?/n) for large n - SE=o/Vn

By the CLT, X is approxzimately normal for large n, centred on u with variance o2 /n

95% confidence interval

| |
— T T
7 —1.96- = T+1.96—=

Vi Vi

A 95% interval reaches 1.96 standard errors each side of T

8
n =64, 2=050,0=28 50+ 1.96§ =50 £ 1.96 = (48.0, 52.0).

B Key knowledge: A sample-mean interval

For independent observations with known population standard deviation, the stan-
dard error is 0/y/n. State the confidence level and parameter.

B Worked example: A sample-mean interval

A sample of 36 has mean 12.4 and known population standard deviation 3. A 95%
mean interval is Z=+1.960/y/n = 12.4£0.98, hence (11.42,13.38). The method covers
the fixed population mean in about 95% of repeated samples; it does not cover 95%
of individual observations.

2 Practice
9

ol

2.1 A population has ¢ = 10. For a sample of n = 25, find the standard error

2.2 State the value of z used in a 95% confidence interval. 1]

3 Exam-style questions

2
3.1 As the sample size n increases, Var(X) = . [1]
n

D A increases

B decreases
C stays the same
D becomes negative



3.2 A random sample of 100 light bulbs has mean lifetime Z = 1200 hours. The population
standard deviation is o = 150 hours.

(a) Find a 95% confidence interval for the mean lifetime. 3]

(b) State what changes to the interval if a 99% level (z = 2.576) is used instead. 2]

3.3 A sample of 8 values gives >z = 120 and 2% = 1840. Find unbiased estimates of
the population mean and variance. [4]




Solutions

Each answer shows the steps, then the result.

2.1
125 - % =2

2.2

. 1.96

3.1B

« Dividing by a larger n makes Var(X) smaller

3.2
(a)
150
e 1200 £ 1.96——— = 1200 £ 1.96(15) = 1200 £ 29.4; (1170.6, 1229.4)
V100
(b)
« the interval becomes wider (a higher confidence level needs a larger z, here 2.576)
3.3
120 , , 1 , a2\ 1 1202\
© meanZ=-—== 15; unbiased variance s* = — <Zx - =z 1840 s )=

1
—(1840 — 1800) = — =5.71
7 7




