A-LEVEL MATHEMATICS « EXERCISE SHEET

5.4 Discrete random variables

Name: _ = Class: ___ Date: Total: 12 marks

KEY WORDS geometric o discrete random variable
¢ binomial e variance « expectation

Objective

Build the skills to answer exam questions on discrete random variables
— probability distributions, expectation and variance , the binomial
and geometric distributions.

You must be able to:

« use a distribution table (probabilities sum to 1); find F(X) and Var(X)
« use B(n,p): P(X =r)=(")p"(1—p)"", E(X) =np
« use the geometric model P(X =r) = (1 —p) " !p, E(X) = %

1 Key knowledge and worked examples

B Binomial distribution

0.30 A

1
mean =np=3 |

0.25 4

0.20 A

0.15 4

P(X=r)

0.10 4

0.05 A

0.00 -

0 1 2 3 4 5 6 7 8 9 10
number of successes r
X~B(n,p)
PX=r=(7)p(1=p)"~"
E(X)=np - Var(X)=np(1l-p)

B(10,0.3): each bar is P(X =), clustered around the mean np = 3

X ~ B(10,0.3): P(X =2) = (})(0.3)%(0.7)* = 0.233; E(X) = np = 3.
Distribution: E(X) = > 2P(X=z), Var(X) =Y 2?P(X=xz) — [E(X)]?.

B Key knowledge: Checking a variance

Calculate E(X?) separately from [E(X)]?. A variance cannot be negative.

B Worked example: Checking a variance

For P(X =0)=0.2, P(X =1) =0.5and P(X =2) =0.3, E(X) =0(0.2) + 1(0.5) +
2(0.3) = 1.1. Also E(X?) =0+ 0.5+ 4(0.3) = 1.7. Therefore Var(X) =1.7—1.12 =
0.49. The probabilities first pass the check 0.2 + 0.5+ 0.3 = 1.

2 Practice

2.1 X ~ B(8,0.25). Find E(X). 1

2.2 A geometric variable has p = 0.2. Find E(X). 1]

3 Exam-style questions

3.1 For X ~ B(12,0.5), the variance Var(X) is: (1]
[ 3
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C 12

D15



3.2 A discrete random variable X has the distribution:

x 1 2 3 4
P(X=z) 01 03 k 02

(a) Find k. 1]

(b) Find E(X) and Var(X). [5

3.3 A fair coin is tossed 6 times. Find the probability of obtaining exactly 4 heads. [3




Solutions

Each answer shows the steps, then the result.

2.1
o E(X)=np=8x025=2

2.2
1 1
. E(X):7:7:5
p 02
3.1B

o Var(X) =np(l —p) =12(0.5)(0.5) =3

3.2

(a)

o probabilities sum to 1: 0.14+03+k+02=1=k=04

(b)

« E(X) ) +2(0.3) + 3(0.4) +4(0.2) = 0.1 + 0.6 + 1.2 + 0.8 = 2.7; E(X?) =

= 1(0.1
1(0.1) +4 (0 3)4+9(0.4) +16(0.2) = 0.1+ 1.2+3.6+3.2 = 8.1; Var(X) =81 —2.72 =
8.1—7.29=0.81

3.3

« X ~ B(6,05); P(X =4) = (§)(0.5)° =15 x




