A-LEVEL MATHEMATICS « EXERCISE SHEET

3.5 Integration (by parts,
substitution, partial fractions)
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Objective
Build the skills to answer exam questions on integration in Pure 3 — the standard
1
integral ——— integration by parts , substitution , partial
e+ a Lf
fractions, and the ') pattern.
f(x)

You must be able to:

« recognise [ A dr=Lttan™' £+ Cand [ k;(/f)”) dr =kln|f(z)]|+C

« integrate by parts and by a given substitution
« integrate a rational function via partial fractions

1 Key knowledge and worked examples

B By parts & the log pattern

A

4
> area =f0ydx

X

b
fa f(x) dx = net signed area between y = f(x) and the x-axis

A definite integral is still an area; Pure 3 adds the methods to evaluate harder ones

rotate the region around the x-axis to sweep a solid

An application of integration: a volume of revolution

zcoszdr — by parts (u = z, dv = coszdx): = xsinz — [sinzdr = xsinz +

cosz + C.

2
/% dx =1In(z® + 1) + C (top is the derivative of the bottom).
x

B Key knowledge: Definite integration by parts

Choose the factor that simplifies on differentiation as u. Evaluate the boundary term
and the remaining integral with the same limits.
B Worked example: Definite integration by parts

Find I = fol ze*dr. Take u = z and dv = e®dx, so du = dr and v = e*. Then
I =[ze”]} — fol e*dr =e — (e —1) = 1. A derivative check of (x — 1)e* recovers xe®.

2 Practice

. 1 ,
2.1 Flnd/mdﬁﬁ [Z]



2
2.2 Find /idaz.
341

3 Exam-style questions
3.1 / xe® dr equals:
D A ze* —e"+C
Bze*+e*+C
C %xzex +C
De*+C

2
3.2 Use the substitution © = 1 4+ 22 to find / V1 +22dzx.
0

3.3 (a) Express in partial fractions.

4
(z)(z +2)

3
4
b) Hence find ———dx, giving an exact answer.
() /1 ol +2) T 8VE




Solutions
Each answer shows the steps, then the result.

2.1

N
+ tan 1§+C
2.2
e Infzd+1|+C
3.1 A

o By parts: ze” — [e"dx = ze” — " + C

3.2
. u:1+x2:>du:21‘dx7soxd:r:%du;limitsx:0—>u:1,x:2—>u:5;
/1 Ladu =1 [26%7)] = }(5%% — 1); = 1(11.180 — 1) = 3.39
3.3
(a)
2 2
e 4=Ax+2)+Br;z=0=>A=2,0=-2=B=-2, — —
r x+2

3 b
1; :2(lng—lné) :21ng

372 2 3 T
. / (— )dx[anx—an(m+2) —2ln—
1
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