A-LEVEL MATHEMATICS « EXERCISE SHEET

1.2 Functions

Name: - Class: - Date: Total: 12 marks

KEY WORDS functions o transformations o domain e composition
o inverse function

Objective
Build the skills to answer exam questions on functions — domain and range, com-
position , inverse functions , and transformations of graphs.

You must be able to:

o find the range of a function and a composite fg
« find an inverse f~! and state its domain
o describe and apply graph transformations

1 Key knowledge and worked examples

B Inverse & composition
f(x) =(x+3)*>—12 for z > 0. Find f'(z).

y=(+3)?-12=(z+3)=y+12=a2=/y+12-3.

So f~1(z) = Vo + 12 — 3 (positive root, since z > 0).
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inverse = reflection in y=x - domain of f~! = range of f

The graph of y = f~Y(x) is the reflection of y = f(x) in the line y = x

Translations Stretches
= y=1(x) = y=1f(x)
— y=flx)+a — y=af(x)
- y=f[x+a) — y = flax)

f(x) + @ moves up - f(x +a) moves left - af(x) stretchy - flax) compress xifa>1

y = f(x) + a slides it up; y = f(x + a) slides it left; y = a f(x) stretches it in the
y-direction

B Key knowledge: Domain of an inverse
The domain of an inverse is the range of the original function. A restricted branch

makes the original one-to-one.
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B Worked example: Domain of an inverse

Let f(z) = (z —2)*+ 1 for x > 2. Its minimum is 1, so its range is [1,00). From
y = (z —2)? + 1, the branch requires z = 2+ /y — 1. Thus f~'(z) =2+ vz — 1 for
x> 1. Check: f71(f(5))=2++/10—-1=5.

2 Practice

2.1 f(x) =2z — 5 and g(x) = z%. Find fg(3). 2]

2.2 Describe the single transformation mapping y = f(z) to y = f(z) — 4. [1]

3 Exam-style questions

3.1 f(z) =3 —2z. Then f~!(z) is: 1]
]
2
B r—3
2
C2x -3
D 3+
2

3.2 The function f is defined by f(z) = z? — 6x + 5 for = > 3.

(a) Express f(x) in completed-square form and state the range of f. 3]

(b) Find f~!(z) and state its domain. 3]
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3.3 The graph of y = f(z) is transformed to y = 2f(z + 1). Describe the two transfor-
mations, in the correct order. 2]
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Solutions

Each answer shows the steps, then the result.

2.1

o a translation down by 4

3.1A

3—vy _ 3—x

e Yy=3—-2x ==
3.2

(a)

o 22— 6z +5=(r—3)%—4; for x >3, range is f(z) > —4
(b)

e y=(x -3 —-4=>2x=3+z+4
o f7Hz) =3+ +Vz+4; domain z > —4

3.3

o translation left by 1 (z — x + 1); then a stretch in the y-direction, scale factor 2
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