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Partial fractions: check the degree first

the precondition the top must be of lower degree than the bottom

if it is not “top-heavy”: divide the polynomial first, giving a quotient plus a proper
remainder

distinct linear factors
A

ax + b
+

B
cx + d

a repeated factor
A

ax + b
+

B
(ax + b)2

an irreducible quadratic Ax + B
x2 + c

– a linear numerator over a quadratic

why bother each piece integrates to a logarithm or a power, which the original fraction
does not

Skipping the degree check is the commonest error, and it produces an answer that cannot be
right because the shapes do not match.



Pure Mathematics 3
Differential equations

Differential equations, in detail

x

y

initial condition
y = 1 at x = 0

general family
(varying A)particular: y = ex2/2

general: family with A  ·  IC  particular solution

dy
dx = xy with y = 1 at x = 0 gives ln y = 1

2x2 + c, so y = ex2/2. A condition fixes
C (the particular solution ).



Four more pieces of vocabulary

Integration by substi-
tution

Integration by substitution reverses the chain rule – change the
variable and the limits together.

Sign change and itera-
tion

A sign change of a continuous f between a and b locates a root;
an iterative formula xn+1 = g(xn) then converges to it
when |g′| < 1 nearby.

Cosecant and cotan-
gent

cosec θ = 1/ sin θ and cot θ = 1/ tan θ – each undefined wherever its denomi-
nator vanishes.

Magnitude The magnitude of a vector is |a| =
√

a21 + a22 + a23; dividing by it gives
the unit vector.

State the interval, the two signs and the continuity. A sign change without continuity is an
incomplete argument.
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Exercises 2.1·2.2

0 90 180 270 360
angle 

1

0

1

sin cos tan

sin , cos : period 360 , amp 1  ·  tan : period 180 , asymptotes at 90 + 180 k

The R-formula rewrites a sum as a single sinusoid

Solve 3 sin θ + 4 cos θ = 2 for 0◦ ⩽ θ ⩽ 360◦. Write LHS as 5 sin(θ + 53.13◦):
sin(θ + 53.13◦) = 0.4, so θ + 53.13◦ = 23.6◦ or 156.4◦ (+360°). Taking those in range
gives θ = 103.3◦ or 330.5◦.

Key knowledge: Double-angle equations
Use an identity to put an equation into one trigonometric function, then factor and
apply the interval.

Worked example: Double-angle equations
Solve cos 2x = sinx for 0 ≤ x < 2π. Since cos 2x = 1− 2 sin2 x, the equation becomes
(2 sinx − 1)(sinx + 1) = 0. Thus x = π/6, 5π/6, 3π/2. Check each branch in the
original equation.

2 Practice
2.1 Write cos 2θ in terms of cos θ only. [1]

2.2 Find R for 7 sin θ + 24 cos θ = R sin(θ + α). [1]
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Solutions
Each answer shows the steps, then the result.

2.1

• cos 2θ = 2 cos2 θ − 1

2.2

• R =
√
72 + 242 = 25

3.1 B

• 2× 3
5
× 4

5
= 24

25

3.2

(a)

• R =
√
42 + 32 = 5; tanα = 3

4
⇒ α = 36.9◦; 5 sin(θ − 36.9◦)

(b)

• sin(θ − 36.9◦) = 0.4 ⇒ θ − 36.9◦ = 23.6◦ or 156.4◦; θ = 60.5◦ or 193.3◦

3.3

• sin 2θ = 2 sin θ cos θ and 1 + cos 2θ = 2 cos2 θ; ratio =
2 sin θ cos θ
2 cos2 θ =

sin θ

cos θ = tan θ
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Exercise 3.1

3 Exam-style questions
3.1 Using sin 2θ = 2 sin θ cos θ, the value of sin 2θ when sin θ = 3

5
and cos θ = 4

5
is: [1]

A 12
25

B 24
25

C 7
25

D 6
5

3.2 (a) Express 4 sin θ− 3 cos θ in the form R sin(θ−α), with R > 0 and 0◦ < α < 90◦.[3]

(b) Hence solve 4 sin θ − 3 cos θ = 2 for 0◦ ⩽ θ ⩽ 360◦. [4]

3.3 Prove the identity sin 2θ

1 + cos 2θ ≡ tan θ. [3]
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Exercise 3.2

3 Exam-style questions
3.1 Using sin 2θ = 2 sin θ cos θ, the value of sin 2θ when sin θ = 3
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