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Pure Mathematics 3
Algebra and integration

Partial fractions and integration

Split a proper rational function into simpler pieces, then integrate term by term:

1

(x − 1)(x + 2)
=

A
x − 1

+
B

x + 2
.

Repeated factors need a squared denominator; a quadratic factor that will not factor
stays as a linear numerator over it.

∫
1
x dx = ln |x|+ C. Partial fractions turn many rational integrals into logs.



Partial fractions: check the degree first

the precondition the top must be of lower degree than the bottom

if it is not “top-heavy”: divide the polynomial first, giving a quotient plus a proper
remainder

distinct linear factors
A

ax + b
+

B
cx + d

a repeated factor
A

ax + b
+

B
(ax + b)2

an irreducible quadratic Ax + B
x2 + c

– a linear numerator over a quadratic

why bother each piece integrates to a logarithm or a power, which the original fraction
does not

Skipping the degree check is the commonest error, and it produces an answer that cannot be
right because the shapes do not match.



Pure Mathematics 3
Algebra and integration

The binomial expansion for a rational power

The binomial expansion also works when the power is a fraction or is
negative.



Pure Mathematics 3
Algebra and integration

Logarithms, trigonometry and numerical methods (from Pure 2)

Subtopics 3.2, 3.3 and 3.6 are the same skills you met in Pure 2: the laws of
logarithms with ex and ln x.

The three new trig functions are the reciprocals of the familiar ones: the secant
sec θ =

1

cos θ .



Pure Mathematics 3
Algebra and integration

Differentiation

The methods are those of Pure 2 (the product, quotient and chain rules, with
parametric and implicit curves).

One derivative is added – the inverse tangent :

d
dx tan−1 x =

1

1 + x2 .



A-Level Mathematics

Exercises 2.1·2.2

Solve e2x− 5ex+6 = 0. Let u = ex: u2− 5u+6 = 0 ⇒ (u− 2)(u− 3) = 0. So ex = 2
or 3, giving x = ln 2 or ln 3.

Key knowledge: Exponential decay time
Separate the initial value from the decay constant. Logarithms turn the fractional
remaining amount into a time equation.

Worked example: Exponential decay time
A mass follows m = 80e−0.2t g. For m = 20 g, m/80 = e−0.2t = 1/4. Taking logs gives
t = − ln(1/4)/0.2 = 5 ln 4 ≈ 6.93. This is twice the half-life ln 2/0.2, as two successive
halvings leave one quarter.

2 Practice
2.1 Solve ln(x− 1) = 2, giving x to 3 s.f. [2]

2.2 Write 2 ln a− ln b as a single logarithm. [1]

3 Exam-style questions
3.1 The solution of 5e−x = 2 is: [1]

A ln 2.5

B − ln 2.5

C ln 0.4

D ln 10

3.2 Solve the equation e2x − 7ex + 10 = 0, giving exact answers. [4]
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Solutions
Each answer shows the steps, then the result.

2.1

• x− 1 = e2 ⇒ x = 1 + e2 = 8.39

2.2

• ln a2

b

3.1 A

• e−x = 0.4 ⇒ −x = ln 0.4 ⇒ x = − ln 0.4 = ln 2.5

3.2

• let u = ex: u2 − 7u+ 10 = 0 ⇒ (u− 2)(u− 5) = 0; ex = 2 or 5; x = ln 2 or ln 5

3.3

(a)

• 1
2
P0 = P0e

−5k ⇒ e−5k = 0.5 ⇒ −5k = ln 0.5; k = 0.139

(b)

• 0.1 = e−kt ⇒ t =
ln 0.1

−0.139
= 16.6 years
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A-Level Mathematics

Exercise 3.3 (a)

3.3 A quantity decays so that P = P0e
−kt. After 5 years P has fallen to half of P0.

(a) Find k, to 3 s.f. [3]

(b) Find the time for P to fall to one tenth of P0. [2]
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Exercise 3.3 (b)

3.3 A quantity decays so that P = P0e
−kt. After 5 years P has fallen to half of P0.

(a) Find k, to 3 s.f. [3]

(b) Find the time for P to fall to one tenth of P0. [2]
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