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Question Answer Marks Guidance 

4 12 2
55
i5 2 1 0+ + =  =− m m m   

M1 Auxiliary equation. Correct type of roots for M1. 

 ( )
1
5 2 2

5 5
e cos sin
−

= +
x

y A x B x   A1 Complementary function. Allow ‘ =y ’ missing. 

 2 ' 2 '' 2= + +  = +  =y px qx r y px q y p   
B1 Particular integral and its derivatives.  

 1=p  4 5+ =p q  10 2 3+ + =p q r  M1 Substitutes and equates coefficients. 

 1=q  9= −r   A1  

 ( )
1
5

5

22 2
5

e cos sin 9
−

= + + + −
x

y A x B x x x  A1 FT General solution. FT on CF. Must have ‘ =y ’. 

 ( ) ( )
1 1
5 52 2 2 2 1 2 2

5 5 5 5 5 5 5
' e sin cos e cos sin 2 1

− −
= − + − + + +

x x
y A x B x A x B x x   *M1 Differentiates using the product rule, CF must be of the 

correct form. 

 
9 0− =A  

2 1
5 5

1 0− + =B A  9, 2 = =A B   
DM1 A1 Uses initial conditions. 

 ( )
1
5 2 22

5 5
e 9cos 2sin 9
−

= + + + −
x

y x x x x  A1 Must have ‘ =y ’. 

  10  
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Question Answer Marks Guidance 

7(a) 
( )

( )( ) ( )( )

( )
1

2

1
2

1 1 1 1d 1
tanh

d 1 1

− − − + −− 
=  

+  −

x xx
x

x x x
 

M1 A1 
Applies 11

2

1
tanh ln

1

− + 
=  

− 

x
x

x
 .  

 

( )
2

1
2 2

1 2 1

1 11

− 
= = 

+ −  −

x

x xx
  

A1 AG. 

 Alternative method for question 7(a)   

 2 d
tanh sech 1

d
=  =

y
y x y

x
  

M1 A1 Implicit differentiation.  

 
2 2

d 1 1

d 1 tanh 1
= =

− −

y

x y x
  A1 AG. 

  3  
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Question Answer Marks Guidance 

7(b) 1h
d

d
tan −=−

y y
x

x x
x   

B1 Divides through by .x   

 1
1lnd

e e
−− − −= = x x x   

M1 A1 Finds integrating factor.  

 
( )1 1d

tanh
d

− −=x y x
x

  
M1 Correct form on LHS and RHS. 

 
1 1

2
tanh d

1

− −= −
−




x
x

x x
x

y x   
*M1 A1 Integrates correct function on RHS. 

 ( )11 1 2

2
tanh ln 1− − + − +=x y x xx C   A1 ‘+C ’ not required.  

 3 31 1 1 1 1
2 2 2 4 4 2 4

10 tanh ln ln3 ln−= + +  =− −C C   
DM1 Substitutes initial conditions.  

 ( ) 271 1
2 4 16

1 1 2ln 1 ltanh n− − + −= −xx y x x    A1 Accept 

( )1 1 2 31 1 1 1
2 2 2 2 4

1ln 1 tanh ln nta h .− − −+ − −= −x xxy x   

Accept ( )( )2 271 1
2 4 16

1 ln 1 ln .tanh−= + − −x xxy x  

  9  

1



A-Level Further Mathematics: 9231 Mathematics - Further November 2025 Question Paper  22

9231/22 Cambridge International AS & A Level – Mark Scheme 

PUBLISHED 

October/November 2025  

 

© Cambridge University Press & Assessment 2025 Page 12 of 17  
 

Question Answer Marks Guidance 

5(a) 2 4 3 0 1, 3+ + =  = − −m m m   M1 Auxiliary equation. This mark could be implied 

by a correct complementary function.  

 3[ ] e e− −= +x xy A B   A1 Complementary function. Condone this not 

being equal to y. x must be used and not another 

variable. 

 sin cos ' cos sin '' sin cos= +  = −  = − −y p x q x y p x q x y p x q x   M1 A1 Particular integral and its derivatives.  

 4 3 0− − + =p q p  4 3 5− + + =q p q   M1 Substitutes their particular integral and their 

derivatives of the correct form and equates 
coefficients. 

 1=p  1
2

=q   A1  

 
2

3 1e e sin cos− −= + + +x xy A B x x   A1 This must be equal to y. x must be used and not 

another variable. 

  7  

5(b) ( )51 2 1
2 2 5 5

sin cos sin cos + = +y x x x x   M1 e 0− →x and for setting up for Pythagoras and 

applying compound angle formula. Can be 

implied.  

 5

2
sin( 0.464...)+x   A1 A1 A1 for R and A1 for . Condone 26.6 .  Allow 

1
2

1tan −= . OE.  

Condone decimals for R to at least 3 sf. 

No method shown award 0 marks. 

  3  

2
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Question Answer Marks Guidance 

3(a) ( ) 43 255
5sin5 sIm cos isin 10sin cos sin c sin o       = + −= +   M1 A1 Expands and clearly taking imaginary 

part, enough terms for M1. Accept RHS 

to LHS using .2 sin
1

i  = −z
z

  

 ( ) ( )3
2

2 25 10sin 1 sin 5sin 1in ss in    − − + −=   
M1 Applies 2 2 .c io 1s s n = −   

 5 320sin 5s16s inin   − +=   A1 AG, intermediate line of working needed, 

e.g. expanding 

( )
2

2 42 21 sin si1 sin n  += −− . 

  4  

3(b) 1
2

, sin 3sin 5  ==x   M1 Applies identify given in (b).   

 1
3

5 π 2 π = + k   or 2
3

5 π 2 π = + k  M1 Solves 1
2

3sin5 = . 

 ( )1
15

sin π   A1 Gives one correct solution. Accept 
1

15
.=q   

 452
15 15

7
15 15

π),sin π),sin( π),sin( π)sin( ( −−   A1 Gives other solutions. OE. A0 for 

repeated roots. 

( ) ( )132
15 15

πs sinπin =  

( ) ( )7 8
15 15

πs sinπin =  

( ) ( ) ( )

( )

5 51
15 3 3

25
15

s

π

n π π πi sin sin

sin

− = − = =
 

( ) ( ) ( )194 11
15 15 15
π π πsin sin sin− = − =  

  4  
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4(a) 
( ) ( ) ( ) ( ) ( )( )

11 21
1 1 1 1 1 1
2 20

3 d 3 3 3 3
−

 + + + + 
N N

N N N N

N N N N

x x  
M1 A1 Forms the sum of the areas of the 

rectangles.   

M1 for at least three terms including first 

and last, and common ratio 
1

3 N . Missing 

“+” is A0.   

 

( )
( )

1

1

1

1

1 3
3

2 3 1=

= =
−


N

N

N

N n

nN N
  

M1 A1 

Applies 
( )

1

1
,

1=

−
=

−


N
N

n

n
r r

r
r

 AG. 

  4  

4(b) 
( ) ( ) ( ) ( ) ( )( )

2 111
1 1 1 1 1 1
2 20

3 d 3 3 3
− −

++ + + 
N N

N N N

N N N N

x x  
M1 A1 Forms the sum of the areas of appropriate 

rectangles. 

M1 for at least three terms including first 

and last. 

 
( )

( )
1

1

1

0

1 1
3

2 3 1

−

=

= =
−

 N

N

N n

nN N
 

M1 A1 
Applies 

1

0

1
.

1

−

=

−
=

−

N

n

n

Nr
r

r
  

  4  

4(c) 

( ) ( )

1

1 1

3 1 1

3 1 3 1
− =

− −

N

N N NN N
  

M1 
Simplifies their −N NU L  to .

c

N
   

 1
0→

N
 as .→N   

A1  

  2  

3
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Question Answer Marks Guidance 

5(a) 2 1 1
2 2

31 0 =−+ + = mm m   M1 Auxiliary equation. Must give the correct 

type of roots 3a b . 

 ( )
1
2 3 3

2 2
e cos sin
−

= +
x

y A x B x   
A1 Complementary function. x missing or 

labelled incorrectly is A0.  

 sin 2 cos2 ' 2 cos2 2 sin 2 '' 4 sin 2 4 cos2y p x q x y p x q x y p x q x= +  = −  = − −   M1 A1 Particular integral and its derivatives.  

 4 2 1− − + =p q p                     4 2 1− + + =q p q   M1 Substitutes and equates coefficients. 

 1
13

= −p          5
13

= −q   A1  

 ( )
1
2 3 3 51

2 2 13 13
e cos sin sin 2 cos 2
−

= + − −
x

y A x B x x x   
A1 Must have “ =y ”. 

  7  

5(b) ( )5 51 2 1
13 13 13 26 26

sin 2 cos 2 sin 2 cos 2 − − = − −y x x x x   
M1 1

2e 0
−

→
x

 and correct use of compound 

angle identity. 262
13 13
= . 

 2
13

)sin(2 1.77−x   A1 A1 A1 for R and A1 for . Condone 101.3 .  

Allow 0.392=R  and 
1 1

26
( )cos − −= . 

OE. 

  3  

4
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Question Answer Marks Guidance 

6 
( )21

22

1
d ln 1 2

1 2

+
= − − −

− −





x
x x x

x x
  

M1 A1 Finds integrating factor using 

f '( )
d ln f ( ) .

f ( )
=

x
x x

x
  

 ( )2

21 ln 1 2

2

1
e

1 2

− − −
=

− −

x x

x x
 

A1  

 

2 2

d 1

d 1 2 1 2

 
= 

− − − − 

y

x x x x x
  

M1 Correct form on LHS and RHS. 

 ( )
221 2 2 1− − = − +x x x   B1 Completes the square. 

 

( )

1

2

1
d si

1

22 1

n− + 
+= 

 − +





x

x

x C     

*M1 A1 Integrates RHS. RHS must be of the 

correct form 
2

1

+ +ax bx c
. 

 3
42

1 1 ππ sin−= +  =C C  DM1 A1 Substitutes initial conditions.  

 
3

2 4

1sin
1

21 2
π− + 

= + 
 − −

y x

x x
             

A1  

  10  

9231/24 Cambridge International AS & A Level – Mark Scheme 

PUBLISHED 

October/November 2025  

 

© Cambridge University Press & Assessment 2025 Page 16 of 19  
 

Question Answer Marks Guidance 

7(a)(i) 1
2

1

2

2

2sec
4 3cosec 3

tan
= + −

t
x t

t
 

 
2 28cosec 3cosec 3 8cosec 3cot= + − = +x t t t t      

B1 Differentiates x with respect to t. AG. 

  1  

7(a)(ii) 26cosec 4cot= −y t t  B1 Differentiates y with respect to t. 

  1  

7(a)(iii) ( ) ( )

( )

2 2
2 2 2 2

2
2 2 2

4

4

2

8cosec 3cot 6cosec 4cot

100cosec 25cot 100cosec 25 cosec 1

25cosec 50cosec 25

+ = + + −

= + = + −

= + +

x y t t t t

t t t t

t t

  

M1 A1 Expands and simplifies 
2 2+x y . A1 for 

reaching 42100cosec 25cot+t t . 

 ( )
2

225 cosec 1= +t   
*M1 A1 Factorises 

2 2+x y . ALT: 

( )
2

225 cot 2+t . 

 
  ( )

1 1
3 3

11
66

π

5 101 1
6

π π

33

2 1
3π 6

5 cosec 1d 5 cot 5 3π 3 π π+ = − + − + −= + = + t t t t  
DM1 A1 Applies correct formula for arc length and 

integrates. 

Answer in terms of π  and 3  for A1. 

  6  

5
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Question Answer Marks Guidance 

7(b) 2 2

2 2

6cosec 4cot 6sin 4cos 6sec 4cot

8cosec 3cot 8sin 3cos 8sec 3cot

− − −
= = =

+ + +





y t t t t t t

x t t t t t t
  

B1 Finds first derivative. 

 

( )( ) ( )( )

( )

2

2

2 2 2

2

2

2

d 6cosec 4cot

d 8cosec 3cot

8csc 3cot 6cot csc 8cot csc 6csc 4cot 6csc cot 8cot csc

8cosec 3cot

 −
 

+ 

+ − + + − +
=

+

t t

t t t

t t t t t t t t t t t t

t t

 

 

or 
 

( )( ) ( )( )

( )
2

2

2

2 2

2

d 6sin 4cos

d 8sin 3cos

8sin 3cos 6cos 8cos sin 6sin 4cos 8cos 6cos sin

8sin 3cos

 −
 

+ 

+ + − − −
=

+

t t

t t t

t t t t t t t t t t

t t

 

M1 
Differentiates 

d

d

y

x
 with respect to t. 

Enough terms for M1.  

 

( )

( )

( )

( )

( )

2 22 3

22
2 2

2
2

50cos sin 1 50cot cosec cosec 1100cos sin 50cos

8sin 3cos 8sin 3cos 8cosec 3cot

+ ++
= =

+ + +

t t t t tt t t

t t t t t t
  

A1  

 ( )

( )

( )

( )

22

32

3

2 2

2
2

2

2

50sin cos sin 1d d 6sin 4cos d

d d 8sin 3cos d 8sin 3cos

50cot cosec cosec 1

8cosec 3cot

+ −
=  = 

+  +

+
=

+

t ty t t t

x t t t x t t

t t t

t

t t

 

M1 A1 Applies chain rule. 

  5  
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Question Answer Marks Guidance 

8(a) 5 0

20 5 0 20 25

2 3 1

− = − −

−

a

a  

M1 Finds determinant. 

 5
4

 −a  A1  

 Three planes intersect at a single point. B1  

  3  

8(b) 

If 5
4

= −a  then 

5
4

5 3,

20 5 2, 2 12

2 3 1,

− =

− =  =

− + =

x y

x y

x y z

 

B1  Shows contradiction clearly. 

 Two distinct parallel planes. B1  

 Other plane not parallel. B1  

  3  
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6 
( )21

22

1
d ln 1 2

1 2

+
= − − −

− −





x
x x x

x x
  

M1 A1 Finds integrating factor using 

f '( )
d ln f ( ) .

f ( )
=

x
x x

x
  

 ( )2

21 ln 1 2

2

1
e

1 2

− − −
=

− −

x x

x x
 

A1  

 

2 2

d 1

d 1 2 1 2

 
= 

− − − − 

y

x x x x x
  

M1 Correct form on LHS and RHS. 

 ( )
221 2 2 1− − = − +x x x   B1 Completes the square. 

 

( )

1

2

1
d si

1

22 1

n− + 
+= 

 − +





x

x

x C     

*M1 A1 Integrates RHS. RHS must be of the 

correct form 
2

1

+ +ax bx c
. 

 3
42

1 1 ππ sin−= +  =C C  DM1 A1 Substitutes initial conditions.  

 
3

2 4

1sin
1

21 2
π− + 

= + 
 − −

y x

x x
             

A1  

  10  

6
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5 12 1
44

56 6 10 i3m m m = − + + =    M1 Auxiliary equation. M1 for correct type (complex) of 

roots.  

 ( )
1
4 15 15

4 4
e cos sin

t
x A t B t

−
= +   

A1 Complimentary function.  

Allow ‘ x = ’ missing. Using x instead of t is A0. 

 e ' e '' et t tx k x k x k− − −=  =−  =   B1 Particular integral and its derivatives.  

 6 e 3 e 6 e et t t tk k k− − − −− + =  M1 Substitutes and equates coefficients.  

 1
9

k =     A1  

 ( )
1
4 15 15 1

4 4 9
e cos sin e

t tx A t B t −−
= + +   

A1 FT General solution. FT on CF and their value of k. Must 

have ‘ x = ’. 

 ( ) ( )
1 1
4 415 15 15 15 151 1

4 4 4 4 4 4 9
' e sin cos e cos sin e tt t
x A t B t A t B t −− −
= − + − + −  

*M1 Using product rule.  

 1
9

0 A= +  15 1 1
4 4 9

0      B A= − −  1 1
9 3 15
,A B =− =   DM1 A1 Substitutes initial conditions and forms simultaneous 

equations. 

 ( )
1
4 15 151 1 1 1

3 3 4 4 915
e cos sin e tt

x t t −−
= − + +   

A1 Must have ‘ x = ’. 

  10  

7
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7 
( )1 2

2 2

5
d ln 10 61

10 61

x
x x x

x x

+
= + +

+ +




  
M1 A1 

Finds integrating factor using 
f '( )

d ln f ( ) .
f ( )

x
x x

x
=   

 ( )2

21 ln 10 61

2

1
e

10 61

x x

x x

− + +
=

+ +
 

A1  

 

2 2

d 1

d 10 61 10 61

y

x x x x x

 
=  

+ + + + 

  
M1 Correct form on LHS using their integrating factor. 

 ( )
22 10 61 5 36x x x+ + = + +   B1 Completes the square. 

 

( )

1

2 2

1
d sinh

5

665

x
Cx

x

− + 
+ 

+

=

+ 





  
*M1 A1 Integrates RHS. Attempting to integrate by parts is 

M0. 

 ( ) ( )6

1 8 8 5
6 3

sinh ln ln3C −= − = − + = −   DM1 A1 Substitutes initial conditions.  

 
( )4

3

1 1

2

5
isin s nh

6
h

610 1

y x

x x

− −+ 
= − 

 + +
  

A1 

Accept 
2

2

5 10 61
ln .

18 1810 61

y x x x

x x

 + + +
 = +
 + +  

  

  10  

8
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4 2 2 0 1, 2+ − =  = −m m m   M1 Auxiliary equation. M1 for correct type of 

roots. 

 2e e−= +t tx A B   A1 Complementary function. Allow “ =x ” 

missing. Using x instead of t is A0. 

 2 ' 2 '' 2= + +  = +  =x pt qt r x pt q x p   B1 Particular integral and its derivatives.  

 1= −p         2 2 1− =p q        2 2 1+ − = −p q r   M1 Substitutes and equates coefficients. 

 1= −p          3
2

= −q          5
4

= −r   A1  

 3 5
2 4

2 2e e−= + − − −t tx A B t t  A1 FT General solution. FT on CF and their values 

of p, q and r. Must have “ =x ”. 

 
2

2 3' e 2 e 2−= − − −t tx A B t   *M1 Differentiates.  

 5
4

0+ − =A B  3
2

2 0− − =A B  4 1
3 12
, = = −A B   DM1 A1 Uses initial conditions. 

 
4

2 3 54 1
3 12 2

2e e−= − − − −t tx t t   A1 Must have “ =x ”. 

  10  

9
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7 
( )2

2

2 6
d ln 6 5

6 5

+
= + +

+ +




x
x x x

x x
  

M1 A1 Finds integrating factor using 

f '( )
d ln f ( ) .

f ( )
=

x
x x

x
  

 ( )2 5

2

ln 6 1
e

6 5

− + +
=

+ +

x x

x x
 

A1  

 
2 2

d 4

d 6 5 6 5

 
= 

+ + + + 

y

x x x x x
  

M1 Correct form on LHS.  

 
2

4 1 1

1 56 5
= −

+ ++ + x xx x
 

B1 Partial fractions. Or completing the square.  

 
2

n
4

d
6 5

1
l

5

+ 
= 

+


+
+

+




C
xx

x
x

x
  

*M1 A1 Integrates RHS. (RHS must be of the correct 

form.) 

 1
5

0 ln= +C   DM1 Substitutes initial conditions.  

 
1
52

l
1

ln
5 5

n ln
6 5 55

+ 
 

+

+ 

 
= − = 

++ +  

y x

xx x

x

x
  

A1 
Accept ( )2 5 5

6 5 ln .
5

+ 
= + +  

+ 

x
y x x

x
  

  9  

10


