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Question Answer Marks Guidance 

3(a) 
( )( ) ( ) ( )

1
2 2 2 2d

1 2 1 1
d

−

+ = + + +
n n n

x x nx x x
x

 
M1 A1 Uses the product rule to differentiate. 

 ( )( ) ( )
1

2 2 22 1 1 1 1
−

= + − + + +
n n

n x x x  *M1 Uses 2 2 1 1= + −x x . 

 
( )

0

1
2

11 2 2 −
 + = − +
  

n n n

n

x x nI nI I  
DM1 Integrates both sides using the limits given.  

 
1 12 (2 1) 2 (2 1) 2 2− −= + −  + = +n n

n n n nn I nI n I nI  
A1 Substitutes limits and rearranges. AG. 

  5  

3(b) 1
1

1
1 40

tan π−
−

 = = I x  B1  

 1
1 22

2− −− = −I I  
M1 A1 Applies reduction formula with 1= −n . 

 
2

1
22

1 1 1
4 4 8
π 2 π− −=−  = +− I I  

A1  

  4  

1
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4 12 2
55
i5 2 1 0+ + =  =− m m m   

M1 Auxiliary equation. Correct type of roots for M1. 

 ( )
1
5 2 2

5 5
e cos sin
−

= +
x

y A x B x   A1 Complementary function. Allow ‘ =y ’ missing. 

 2 ' 2 '' 2= + +  = +  =y px qx r y px q y p   
B1 Particular integral and its derivatives.  

 1=p  4 5+ =p q  10 2 3+ + =p q r  M1 Substitutes and equates coefficients. 

 1=q  9= −r   A1  

 ( )
1
5

5

22 2
5

e cos sin 9
−

= + + + −
x

y A x B x x x  A1 FT General solution. FT on CF. Must have ‘ =y ’. 

 ( ) ( )
1 1
5 52 2 2 2 1 2 2

5 5 5 5 5 5 5
' e sin cos e cos sin 2 1

− −
= − + − + + +

x x
y A x B x A x B x x   *M1 Differentiates using the product rule, CF must be of the 

correct form. 

 
9 0− =A  

2 1
5 5

1 0− + =B A  9, 2 = =A B   
DM1 A1 Uses initial conditions. 

 ( )
1
5 2 22

5 5
e 9cos 2sin 9
−

= + + + −
x

y x x x x  A1 Must have ‘ =y ’. 

  10  
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5(a) 
( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )

1
1 1 1 1 1 1 1 2 2 1 1
3 3 3

0

3

3

3 33 d +  + + + + + +
    n n

n n n n n n n n n
x x x  

M1 A1 Forms the sum of the areas of the rectangles. M1 for 

correct width and at least three complete terms 

including first and last.  

 

4 2

1

2 2
3

4 2

1

3
1 1

( 1) ( 1)

12 2= =

+ +
= + = + 

n n

n n
r r

n n n n
r r

n n
  

M1 A1 Applies formulae from MF19. 

 ( ) ( ) ( )( )1 1 1 1 1 1 1
2

2

12 12
1 1 1 7= + + + = + +

n n n n
  A1 AG. 

  5  

5(b) 
( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )

1
1 11 1 1 1 1 1 1 1

3 3 3
2 2 1

3 30

3

3 3
d − −+ + + + + + +  n n

n n n n n n n n n
x x x  

M1 A1 Forms the sum of the areas of appropriate rectangles. 

 

4 2 2

1 1

1

2 2

1

1

3

3
1

4

( 1) ( 1)

12 2

− −

= =

− −
= + = + 

n n

n n
r r

n n n n
r r

n n
  

M1 
Applies formulae from MF19. Accept 

4
.

3
= −n nL U

n
 

 ( ) ( ) ( )( )1 1 1 1 1 1 1
2

2

12 12
1 1 1 7= − + − = − −

n n n n
  A1 At least one line of simplification after subbing in 

formula (powers of n simplified). 

  4  

5(c) 1 16 4

12 3

 
− = = 

 
n nU L

n n
  

M1 
Simplifies −n nU L  to .

c

n
  

 4

3
0→

n
 as →n   

A1 AG. 

  2  

2
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4 12 2
55
i5 2 1 0+ + =  =− m m m   

M1 Auxiliary equation. Correct type of roots for M1. 

 ( )
1
5 2 2

5 5
e cos sin
−

= +
x

y A x B x   A1 Complementary function. Allow ‘ =y ’ missing. 

 2 ' 2 '' 2= + +  = +  =y px qx r y px q y p   
B1 Particular integral and its derivatives.  

 1=p  4 5+ =p q  10 2 3+ + =p q r  M1 Substitutes and equates coefficients. 

 1=q  9= −r   A1  

 ( )
1
5

5

22 2
5

e cos sin 9
−

= + + + −
x

y A x B x x x  A1 FT General solution. FT on CF. Must have ‘ =y ’. 

 ( ) ( )
1 1
5 52 2 2 2 1 2 2

5 5 5 5 5 5 5
' e sin cos e cos sin 2 1

− −
= − + − + + +

x x
y A x B x A x B x x   *M1 Differentiates using the product rule, CF must be of the 

correct form. 

 
9 0− =A  

2 1
5 5

1 0− + =B A  9, 2 = =A B   
DM1 A1 Uses initial conditions. 

 ( )
1
5 2 22

5 5
e 9cos 2sin 9
−

= + + + −
x

y x x x x  A1 Must have ‘ =y ’. 

  10  

3
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5(a) 
( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )

1
1 1 1 1 1 1 1 2 2 1 1
3 3 3

0

3

3

3 33 d +  + + + + + +
    n n

n n n n n n n n n
x x x  

M1 A1 Forms the sum of the areas of the rectangles. M1 for 

correct width and at least three complete terms 

including first and last.  

 

4 2

1

2 2
3

4 2

1

3
1 1

( 1) ( 1)

12 2= =

+ +
= + = + 

n n

n n
r r

n n n n
r r

n n
  

M1 A1 Applies formulae from MF19. 

 ( ) ( ) ( )( )1 1 1 1 1 1 1
2

2

12 12
1 1 1 7= + + + = + +

n n n n
  A1 AG. 

  5  

5(b) 
( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )

1
1 11 1 1 1 1 1 1 1

3 3 3
2 2 1

3 30

3

3 3
d − −+ + + + + + +  n n

n n n n n n n n n
x x x  

M1 A1 Forms the sum of the areas of appropriate rectangles. 

 

4 2 2

1 1

1

2 2

1

1

3

3
1

4

( 1) ( 1)

12 2

− −

= =

− −
= + = + 

n n

n n
r r

n n n n
r r

n n
  

M1 
Applies formulae from MF19. Accept 

4
.

3
= −n nL U

n
 

 ( ) ( ) ( )( )1 1 1 1 1 1 1
2

2

12 12
1 1 1 7= − + − = − −

n n n n
  A1 At least one line of simplification after subbing in 

formula (powers of n simplified). 

  4  

5(c) 1 16 4

12 3

 
− = = 

 
n nU L

n n
  

M1 
Simplifies −n nU L  to .

c

n
  

 4

3
0→

n
 as →n   

A1 AG. 

  2  
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1 
3

8 48
3 316

90 0

π π
5
3

e e d e d
  

 + == s   
M1 A1 Forms length of C correctly. 

 4
3

π
5
4

0

e
 =

 
s   

M1 Integrates an expression of the form e ba . One 

error in the a or b. 

 ( )
4
35

4

π
e 1= −   

A1 Must be exact. Allow equivalent form but must 

have the 0e evaluated to be one. 

  4  

    

Question Answer Marks Guidance 

2 1
3

i π4 8 8i 3 16e
−

= − =z  B1 Finds the modulus and argument of 4z . Does 

not have to be in exponential form. 

 1
12

i π

1 2e
−

=z  M1 A1 Finds one root. Allow for the method mark for 

them to use their r and their
4


. 

 5
12

i π

2 2e=z   A1FT Finds another root. Follow through only on the 

modulus 

 7
12

i π

3 2e
−

=z , 
11
12

i π

4 2e=z  A1FT Finds other two roots. Follow through only on 

the modulus. Withhold 1 answer mark for 

omission of i. 

  5  

4
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6(a) 

22

1

2

1 1
2 2

d 1 cosh
2 cosh d 2 d 2 1d

d 2 1 sinh 1
=  = =

+ +

 




x u

u x u u
u x u

  
M1 A1 Applies substitution and 2 2sinh 1 cosh .+ =u u   

 ( ) 11
2

2 sinh 2−= +x C   A1 ( ) ( )21sinh 2 ln 2 2 1− = + +x x x  Condone 

C missing. 

  3  

6(b) 

2 2 2

2 2 2

2 2 2

1

2 2 2

2

1 1 1 1

2 1 2 1 2 1

1

2 21 2 2

 
 + + +
 + + +
 

 
= + + + 

  + + + 





n

n n n

n

n

n n n

n n n n

 

*M1 A1 Forms sum of the areas of the rectangles. Just 

required the first line of working for the M1A1. 

 

0
2

1
1

d
2 1


+





x
x

 

DM1 Compares with integral. 

 

( ) ( )
1

1
11

2

1
2 2

0
0

1
d 2 sinh 2 2 ln 2 3

2 1

− = = +
 +





x x
x

 

B1 Evaluates integral.  

 
( )

2 2 2

1
2

1
2

1

1 1
2 ln 2 3

2 2= =

=  +
+ +

 
n n

r r

n

n r n r n
 

A1 AG. Must see 

2
1 1

2 2 2

1 1

2 2= =

=
+ +

 
n n

r r

n

n r n r n
 or equivalent 

and limits on integral correct.  

  5  

5
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6(c) 

( )
2 2

2
2

2

1 12

2 2 2

1 1 1 1

2 1 2 1 2 1

1
1

2 21 ( 1

0

)

−

 
 

+ + + 
+ + +

 

 
 = + + +
 + − + 






n

n n

n

n n

n n n n

  

*M1 A1  Forms the sum of the areas of appropriate 

rectangles. 

 

( ) ( )
1

1
11 1

2 2
0

0
2

1
d 2 sinh 2 2 ln 2 3

2 1

−  = = +
 +





x x
x

  

DM1 Compares with integral. 

 
( )

( ) ( )
2

1
2

1

1 1
2

2

3

2

2
1

2

1 1
2 ln 2 3

2 3

1 1
2 ln 2 3 3 1

1

2

=

=

− +
+

−

+

+ +
+





n

r

n

r

r n n

nr n

n




 

A1  

  4  

6(d) ( )1
2

2 ln 2 3+   
B1  

  1  
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1(a) 

0

1
11

0
cosh cosh d− = −  

n n

nI x x n x x x  
M1  Integrates by parts. Must see first term 

coshnx x . 

 
( )( )1 2

11 1

0 0 0
cosh sinh 1 sinh d− −   = − − −    

n n nx x n x x n x x x  
M1 Integrates by parts again.  

 ( )( ) ( )2 2cosh1 sinh1 1 cosh1 sinh1 1− −= − − − = − + −n n nI n n I n n n I  A1 Substitutes limits, AG. Omission of 

brackets or limits in their working is A0.  

  3  

1(b) 
2 0cosh1 2sinh1 2= − +I I   M1 Applies reduction formula.  

 
2 3cosh1 2sinh1 2= − −I   A1 Accept ( )1

2

1e 5e 2−+ − . 

  2  

6
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2(a) 1
2

2 21 2sinh 6sinh sinh + = =x x x  M1 A1 Sets equal and uses 
2cosh 2 1 2sinh= +x x . 

Accept 1
2

cosh 5=x  or 1

5
tanh = x  

or substituting exponential form to reach  
4 2e 3e 1 0− + =x x  or 2 2e 3 e 0−− + =x x  

 ( ) ( )1 1 1
2 2 4

1sinh ln 1−= = +  +x  
M1 Uses logarithmic form or 

( )12

2
5e 3= x

. 

 ( )1 1
2 2

ln 5+= x  A1 Must be exact and in the form ln a , 

where a is simplified.   

  4  

7
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2(b)  

 

B1 C1 or C2 correct. 

B1 C2 and intersections with C1 correct. 

  2  

8
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3(a) ( ) 43 255
5sin5 sIm cos isin 10sin cos sin c sin o       = + −= +   M1 A1 Expands and clearly taking imaginary 

part, enough terms for M1. Accept RHS 

to LHS using .2 sin
1

i  = −z
z

  

 ( ) ( )3
2

2 25 10sin 1 sin 5sin 1in ss in    − − + −=   
M1 Applies 2 2 .c io 1s s n = −   

 5 320sin 5s16s inin   − +=   A1 AG, intermediate line of working needed, 

e.g. expanding 

( )
2

2 42 21 sin si1 sin n  += −− . 

  4  

3(b) 1
2

, sin 3sin 5  ==x   M1 Applies identify given in (b).   

 1
3

5 π 2 π = + k   or 2
3

5 π 2 π = + k  M1 Solves 1
2

3sin5 = . 

 ( )1
15

sin π   A1 Gives one correct solution. Accept 
1

15
.=q   

 452
15 15

7
15 15

π),sin π),sin( π),sin( π)sin( ( −−   A1 Gives other solutions. OE. A0 for 

repeated roots. 

( ) ( )132
15 15

πs sinπin =  

( ) ( )7 8
15 15

πs sinπin =  

( ) ( ) ( )

( )

5 51
15 3 3

25
15

s

π

n π π πi sin sin

sin

− = − = =
 

( ) ( ) ( )194 11
15 15 15
π π πsin sin sin− = − =  

  4  
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4(a) 
( ) ( ) ( ) ( ) ( )( )

11 21
1 1 1 1 1 1
2 20

3 d 3 3 3 3
−

 + + + + 
N N

N N N N

N N N N

x x  
M1 A1 Forms the sum of the areas of the 

rectangles.   

M1 for at least three terms including first 

and last, and common ratio 
1

3 N . Missing 

“+” is A0.   

 

( )
( )

1

1

1

1

1 3
3

2 3 1=

= =
−


N

N

N

N n

nN N
  

M1 A1 

Applies 
( )

1

1
,

1=

−
=

−


N
N

n

n
r r

r
r

 AG. 

  4  

4(b) 
( ) ( ) ( ) ( ) ( )( )

2 111
1 1 1 1 1 1
2 20

3 d 3 3 3
− −

++ + + 
N N

N N N

N N N N

x x  
M1 A1 Forms the sum of the areas of appropriate 

rectangles. 

M1 for at least three terms including first 

and last. 

 
( )

( )
1

1

1

0

1 1
3

2 3 1

−

=

= =
−

 N

N

N n

nN N
 

M1 A1 
Applies 

1

0

1
.

1

−

=

−
=

−

N

n

n

Nr
r

r
  

  4  

4(c) 

( ) ( )

1

1 1

3 1 1

3 1 3 1
− =

− −

N

N N NN N
  

M1 
Simplifies their −N NU L  to .

c

N
   

 1
0→

N
 as .→N   

A1  

  2  

9
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5(a) 2 1 1
2 2

31 0 =−+ + = mm m   M1 Auxiliary equation. Must give the correct 

type of roots 3a b . 

 ( )
1
2 3 3

2 2
e cos sin
−

= +
x

y A x B x   
A1 Complementary function. x missing or 

labelled incorrectly is A0.  

 sin 2 cos2 ' 2 cos2 2 sin 2 '' 4 sin 2 4 cos2y p x q x y p x q x y p x q x= +  = −  = − −   M1 A1 Particular integral and its derivatives.  

 4 2 1− − + =p q p                     4 2 1− + + =q p q   M1 Substitutes and equates coefficients. 

 1
13

= −p          5
13

= −q   A1  

 ( )
1
2 3 3 51

2 2 13 13
e cos sin sin 2 cos 2
−

= + − −
x

y A x B x x x   
A1 Must have “ =y ”. 

  7  

5(b) ( )5 51 2 1
13 13 13 26 26

sin 2 cos 2 sin 2 cos 2 − − = − −y x x x x   
M1 1

2e 0
−

→
x

 and correct use of compound 

angle identity. 262
13 13
= . 

 2
13

)sin(2 1.77−x   A1 A1 A1 for R and A1 for . Condone 101.3 .  

Allow 0.392=R  and 
1 1

26
( )cos − −= . 

OE. 

  3  
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6 
( )21

22

1
d ln 1 2

1 2

+
= − − −

− −





x
x x x

x x
  

M1 A1 Finds integrating factor using 

f '( )
d ln f ( ) .

f ( )
=

x
x x

x
  

 ( )2

21 ln 1 2

2

1
e

1 2

− − −
=

− −

x x

x x
 

A1  

 

2 2

d 1

d 1 2 1 2

 
= 

− − − − 

y

x x x x x
  

M1 Correct form on LHS and RHS. 

 ( )
221 2 2 1− − = − +x x x   B1 Completes the square. 

 

( )

1

2

1
d si

1

22 1

n− + 
+= 

 − +





x

x

x C     

*M1 A1 Integrates RHS. RHS must be of the 

correct form 
2

1

+ +ax bx c
. 

 3
42

1 1 ππ sin−= +  =C C  DM1 A1 Substitutes initial conditions.  

 
3

2 4

1sin
1

21 2
π− + 

= + 
 − −

y x

x x
             

A1  

  10  

10
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4(a) 
( ) ( ) ( ) ( ) ( )( )

11 21
1 1 1 1 1 1
2 20

3 d 3 3 3 3
−

 + + + + 
N N

N N N N

N N N N

x x  
M1 A1 Forms the sum of the areas of the 

rectangles.   

M1 for at least three terms including first 

and last, and common ratio 
1

3 N . Missing 

“+” is A0.   

 

( )
( )

1

1

1

1

1 3
3

2 3 1=

= =
−


N

N

N

N n

nN N
  

M1 A1 

Applies 
( )

1

1
,

1=

−
=

−


N
N

n

n
r r

r
r

 AG. 

  4  

4(b) 
( ) ( ) ( ) ( ) ( )( )

2 111
1 1 1 1 1 1
2 20

3 d 3 3 3
− −

++ + + 
N N

N N N

N N N N

x x  
M1 A1 Forms the sum of the areas of appropriate 

rectangles. 

M1 for at least three terms including first 

and last. 

 
( )

( )
1

1

1

0

1 1
3

2 3 1

−

=

= =
−

 N

N

N n

nN N
 

M1 A1 
Applies 

1

0

1
.

1

−

=

−
=

−

N

n

n

Nr
r

r
  

  4  

4(c) 

( ) ( )

1

1 1

3 1 1

3 1 3 1
− =

− −

N

N N NN N
  

M1 
Simplifies their −N NU L  to .

c

N
   

 1
0→

N
 as .→N   

A1  

  2  
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Question Answer Marks Guidance 

1 1
4

i π3 27 27i 27 2ez
−

= − =  B1 Modulus and argument of 3z  (does not need to be in 

exponential form).  

 6
1

12
1 i π

1 23 ez
−

=  M1 A1 Finds one root. Cube root must be taken for M1. 

 6
7

12
1 i π

2 23 ez = , 6
9

12
1 i π

3 23 ez
−

=  A1FT A1FT Finds other two roots. FT on modulus. Withhold one 

answer mark for omission of i.  

  5  

    

Question Answer Marks Guidance 

2(a) 
( )

1 11

00 0

11 sinh d (1 ) cosh (1 ) cosh d
n n n

nI x x x x x n x x x− = − = − + −    
M1 A1 Applies integration by parts. Appropriate choice of 

parts for M1. 

 
( ) ( )

11

0 0

211 (1 ) sinh 1 1 sinh d
n

n
nI n x x n n x x x

−− = − + − + − −     
M1 Applies integration by parts again. Appropriate choice 

of parts for M1. 

 ( ) 21 1n nI n n I −= − + −   A1 AG, withhold for no evidence of substitution or 

incorrect use of limits.  

  4  

2(b) 
 

1 1

0 00
sinh d cosh cosh1 1I x x x= = = − . 

B1 Finds 0I . 

 
2 01 2I I= − +  M1 Uses reduction formula from (a). 

 
2 2cosh1 3I = −  A1 Accept 1e e 3.−+ −   

  3  

11
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Question Answer Marks Guidance 

3 1 2isinz z −− =  B1 Use of 1 2isinz z −− =  

 ( ) ( ) ( ) ( )5 3 3 1
5

1 5 5 10z z z z z z z z− −− −− = − − − + −  
M1 A1 Expands and groups. No clear grouping is M1 A0. 

 5 5 5(2isin3 ) 10(2isin )2 isin 2isin5   = − +   M1 A1FT Substitutes 2isinn nz z n−− =  on RHS. FT on signs of 

coefficients only. Substituting isinn nz z n−− = on 

RHS is M1 A0. Omission of i is M0. 

 
  

5 .c
5

ose
16

sin5 sin3 1 si
c

0 n


  
=

− +
 

A1 Cancelation of i justified.  

  6  

    

Question Answer Marks Guidance 

4(a) 1 2 11 1 1

1 2 1
e e e n

n

−

−
+ + +  M1 Forms sum of the areas of the rectangles.  

 1

1
e d

n
x

x
x   

A1 Compares with integral. Wrong comparison 

(missing/wrong inequality or wrong limits) is A0. 

 
1

1 1
e d 2e

nn

x

xx x  =
   

M1 A1 Correct integration. Attempt at integration by parts is 

M0 A0.  

 
( )1 1 1

1
1

e 2e e 2 e 2e
n n

r n n

r n n
r

x

=

  + = + −
   

A1 AG, must have obtained all previous marks.  

  5  
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Question Answer Marks Guidance 

4(b) 2 31 1 1

2 3
e e e n

n
+ + +   M1  Forms the sum of the areas of appropriate rectangles. 

 
1

1 1
e d 2e

nn

x

xx x   =
    

A1 Compares with integral. 

 
1

1
1

e 2e e 2e e
n

nx
n

r

r
r=

  + = −
   

M1 A1 Adds term from 1.r =   

  4  

12
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Question Answer Marks Guidance 

6(a) 

2 2 2

2 2 2

2 2 2

2 2 2 21 2 2 2

1 1 1 1 1

1 21 1 1

   
 + + + = + + + 
  + + ++ + +   

n

n n n

n n n

n n n n n n
 

M1 A1 Forms sum of the areas of the rectangles.  

 
1

1
1

1

2 40
0

π
1

d tan
1

− = = +




x x
x

 
M1 Evaluates integral. 

 A1 CAO 

 

1

2

1
42

1
2 2 2

1
π

= =

= 
+ +

 
n n

r r

n n

n n r n r
 

A1 AG. Clear and convincing comparison with 

the integral. 

  5  

6(b) 

2 2

2 2

2 2 2

2 2 2 2 2 2( 21 1)

1 1 1 1 1

0 1 0 1 ( 1)1 1
−

   
 + + + = + + + 
 + + + − ++ +   

n

n n

n n n

n n n n n n
  

*M1 A1  Forms the sum of the areas of appropriate 

rectangles. M0 for more than n rectangles.  

 

1
2 2 2 2

1 1
4 4

1

1
π π

1 1

2 2= =

− −
+ +

+    
n n

r r

n n

n nn n r n r
 

DM1 A1 Compares with integral. Correctly adjust for 

0th and last rectangles. (Allow sign errors 

only for M1). Limits must match area 

covered by chosen rectangles. 

  4  

6(c) 1
4
π   B1  

  1  

13


