
A-Level Further Mathematics: 9231 Mathematics - Further November 2025 Question Paper  21Name: A-Level Further Mathematics: 9231 Mathematics - Further November 2025 Question Paper  21Name: 

6

9231/21/O/N/25© UCLES 2025

3 The integral In  is defined by I x x1 dn
n2

0
1= +` jy .

 (a) By considering ( )x x x1dd n2+` j, or otherwise, show that
    ( )n I nI2 1 2 2n n n 1+ = + - . [5]
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 (b) Find the exact value of I 2- . [4]
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5

x

y

10 n1 n2 nn 1-

 The diagram shows the curve with equation y x x31 3= +  for x0 1G G , together with a set of n 
rectangles of width n1 .

 (a) By considering the sum of the areas of these rectangles, show that x x x U31 d n3
0
1 1+e oy , where

    U n n121 1 1 17n = + +b bl l. [5]
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 (b) Use a similar method to find, in terms of n, a lower bound Ln  for x x x31 d3
0
1 +e oy . [4]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (c) Show that ( )lim U L 0n n n- =" 3 . [2]
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1 The curve C has polar equation er 34= i  for r0 G Gi .
 Find the length of C. Give your answer in an exact form. [4]
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6 (a) Use the substitution sinhx u221=  to find xx2 1
1 d2 +y . [3]
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y

10 n1 n2 nn 1-

 The diagram shows the curve with equation y x2 1
1
2= +  for x0 1G G , together with a set of  

n rectangles of width n1 .
 (b) By considering the sum of the areas of these rectangles, show that

    lnr n2
1 2 2 3

r

n
21

1 2 2 1+ +
=

` j/ . [5]
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 (c) Use a similar method to find, in terms of n, a lower bound for r n2
1

r

n
2 21 +=

/ . [4]
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 (d) Deduce the exact value of lim r n2
1

n r

n
2 21 +" 3 =

/ . [1]
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1 It is given that sinhI x x xdn n
0
1= y , where n is a non-negative integer.

 (a) Show that, for n 2H , 
    ( )cosh sinhI n n n I1 1 1n n 2= - + - - . [3]
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 (b) Find the exact value of I2 . [2]
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y

x0 1N1 N2 NN 1-

 The diagram shows the curve with equation y 3x21= ` j for x0 1G G , together with a set of N rectangles 
each of width N1 .

 (a) By considering the sum of the areas of these rectangles, show that x U3 dx N210
1 1` jy , where 

    U N 3
3

1N N
N

1
1= -` j . [4]
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 (b) Use a similar method to find, in terms of N, a lower bound LN for x3 dx210
1 ` jy . [4] 
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 (c) By simplifying U LN N- , show that lim U L 0N N N- =" 3` j . [2]
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

* 0000800000007 *

DO
 NO

T W
RIT

E IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN

DFD

10



A-Level Further Mathematics: 9231 Mathematics - Further June 2025 Question Paper  21Name: 
3

9231/21/M/J/25© UCLES 2025 [Turn over

2 Let sinhI x x1 dxn
n

0
1= -` jy , where n is a non-negative integer.

 (a) Show that, for n 2H ,   ( )I n n I1 1n n 2=- + - - . [4]
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 (b) Find the exact value of I2 . [3]
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4 y

x0 1 2 3 nn-1
 The diagram shows the curve with equation y x1 e x=  for x 1H , together with a set of n 1-  rectangles of unit width.
 (a) By considering the sum of the areas of these rectangles, show that

    .r n2 1 21 e e er n
r

n

1
1 + -

=
e o/  [5]
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 (b) Use a similar method to find, in terms of n, a lower bound for r1 e r
r

n

1=
/ . [4]
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x

y

10
n1 n2 nn 1-

 The diagram shows the curve with equation y x 112= +  for x0 1G G , together with a set of n rectangles 
of width n1 .

 (a) By considering the sum of the areas of these rectangles, show that

    rn r
n 41r

n

1
2 2 1+=

/ . [5]
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 (b) Use a similar method to find a lower bound for rn
n

r

n
2 2

1 +=
/ . Give your answer in terms of n  

and r. [4]
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 (c) Deduce the exact value of lim rn
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