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3  Theintegral / is definedby I = J (14+x?) dx.
n n 0

(a) By considering %(x(l +x2)”>, or otherwise, show that
@Qn+1)I =2"+2nl _,. [5]
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(b) Find the exact value of 7_,. [4]
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The diagram shows the curve with equation y = %x3 +x for 0 <x <1, together with a set of n

rectangles of width %

1
(lx3 +x)dx < U, where

(a) By considering the sum of the areas of these rectangles, show that f 3

0
_ L7
U, = 12(1 - n)<7+ n)

[5]
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1

(b) Use a similar method to find, in terms of #, a lower bound L  for f G x —|—x>dx. (4]
0

(c) Show that lim(U, —L,) = 0. [2]
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1  The curve C has polar equation = ¢3° for 0 <6 < .

Find the length of C. Give your answer in an exact form. (4]
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6 (a) Use the substitution x = 5v2sinhu to find J ————dx. [3]
Vox*+1

y
A

i i | :>x
0 1 2 n—1 1

n n n

The diagram shows the curve with equation y = for 0 <x <1, together with a set of

1
V2x?+1

n rectangles of width %

(b) By considering the sum of the areas of these rectangles, show that

Zﬁ <L2n(/2+V3). (5]
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(¢) Use a similar method to find, in terms of 7, a lower bound for Z
r=I1

(d) Deduce the exact value of lim

X 1
_ 1
"ﬂw;\/Zrz—l-nz L]
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1 Itis given that / = J x" sinhx dx, where » is a non-negative integer.

()

0
Show that, for n = 2,

I =coshl—nsinhl+n(n—-1)1 _,. [3]
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The diagram shows the curve with equation y = %(3 x) for 0 < x < 1, together with a set of N rectangles
each of width L,

N
1
(a) By considering the sum of the areas of these rectangles, show that J;) %<3x)dx < U,, where
3
N
U, =—-3 [4]
NGBV —1)



Name: (

)Further Mathematics: 9231 Mathematics - Further November 2025 Question Paper 24

1



Name: (

)/el Further Mathematics: 9231 Mathematics - Further June 2025 Question Paper 21

2 Letl = J (1 —x)n sinhx dx, where # is a non-negative integer.

0
(a) Show that,forn=>2, I =—1+n(n—-1I __,. [4]
(b) Find the exact value of 7. [3]



Name: ( )/el Further Mathematics: 9231 Mathematics - Further June 2025 Question Paper 21

Pp<

S
[\) S
(98] S

The diagram shows the curve with equation y = %eﬁ for x = 1, together with a set of » — 1 rectangles
of unit width. *

(a) By considering the sum of the areas of these rectangles, show that
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Name: (

for 0 < x < 1, together with a set of » rectangles

1

¥ +1

The diagram shows the curve with equation y

of width 1.

n

(a) By considering the sum of the areas of these rectangles, show that

1
<%

+r2

2

n

Zn:
r=1
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(b) Use a similar method to find a lower bound for Z% Give your answer in terms of »
—in"+r
and 7. [4]
(¢) Deduce the exact value of lim 3 irz [1]
r=1



