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Question Answer Marks Guidance 

3 
( ) 1d

cos cos sin ( 1) ( sin (2(1) 1)cos )
d

= − = − − −x x x x x x x x
x

 
B1 Checks base case using product rule. 

 
Assume true for =n k , so ( ) ( ) ( )

2 1

2 1

d
cos 1 sin (2 1)cos

d

−

−
= − − −

k
k

k
x x x x k x

x
 

B1 States inductive hypothesis.  

 
Then ( )

2

2

d
cos ( 1) ( cos 2 sin )

d
= − +

k
k

k
x x x x k x

x
 

M1 A1  Differentiates once.  

 
( ) ( )

2 1

2 1

d
cos ( 1) sin cos 2 cos

d

+

+
= − − + +

k
k

k
x x x x x k x

x
 

 ( )( )1( 1) sin 2 1 cos+= − − +k x x k x   

M1 A1 Differentiates again.  

 So, it is also true for 1= +n k . Hence, [by induction], 

( ) ( ) ( )
2 1

2 1

d
cos 1 sin (2 1)cos

d

−

−
= − − −

n
n

n
x x x x n x

x
 is true for all positive integers. 

A1 States conclusion.  

  7  

    

Question Answer Marks Guidance 

4(a) ( )1
2

2 1 1= +  = −y x x y   B1 Correct substitution used in equation. 

 ( ) ( ) ( ) ( )
21 1 1 1

16 8 4 2

4 3
1 1 1 1 1 0− + − + − + − + =y y y y   

( ) ( ) ( ) ( )21 1 1 1
16 4

4 3 2 3

8 2

24 6 4 1 3 3 1 2 1 1 1 0− + − + + − + − + − + + − + =y y y y y y y y y y  

M1 A1 Expands. 

 1 1 1 1 11
16 8 4 8 1

4

6

4 3 2 3 20 2 4 2 11 0− + + + =  − + + + =y y y y y y y y   A1 Simplifies, AG. 

  4  
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4(b) 2
2 2 2(4)= −S  M1 Uses 

2 2 2 2 2)

)

(

2(

       

     

+ + +

+ + +

+

+

+

+

= +

+
  

 
2 4= −S   A1  

  2  

4(c) 
4 3 2 12 4 2 44 0− + + + =S S S S   M1 Sums over roots. 

 
4 76= −S   A1  

  2  

    

Question Answer Marks Guidance 

5(a) 5 5

0 1 2 2 ~ 2

1 3 1 1 1

−   
   

= −   
   −   

i j k

  

M1 A1 Finds perpendicular to 1 .  

 ( ) ( ) ( )5 3 2 1 1 14− − − + − = −  M1 Uses point on 1.  

 5 2 14− + = −x y z   A1  

  4  
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6(d) ( )4 2 2 23sin sin4 = −r rr r   

3

3

3
4= −

y y
r

r r
 

M1  

 

Uses sin=y r  

 ( ) ( )
2

2 2 2 23+ = −x y y x y   
M1  Uses 

2 2 2= +r x y   

  A1 Rearranges to a form with no fractions. 

  3  

    

Question Answer Marks Guidance 

7(a) 3 31 1
2 2 2 2

5, 5= − − = − +x x   B1  Vertical asymptotes. 

 0=y   B1 Horizontal asymptote. 

  2  

7(b) 

( )

2

2
2

d ( 3 1)(1) ( 2)(2 3)

d 3 1

+ + − + +
=

+ +

y x x x x

x x x
  

M1 
Finds 

d
.

d

y

x
  

 2 4 5 0+ + =x x   M1 Sets equal to 0 and forms quadratic 
equation. 

 Discriminant is 
24 20 4 0− = −   so no real roots.  A1 AG 

  3  

1
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7(c)  

 
 

B1 Axes and asymptotes labelled.  

B1 Correct shape and position.  

B1 States coordinates of intersections with 

axes, ( )0,2 and ( )2,0 ,−  may be seen on 

diagram. 

  3  

y

x

2
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7(d)  

 
 

B1FT FT from sketch in part 7(c) 

B1 From a correct graph and with correct 

shape at ( )2,0− . 

  2  

7(e) 
2

2
2

3 1

+
=

+ +

x

x x
 or 

2

2
2

3 1

+
= −

+ +

x

x x
  

22 5 0− − =x x  or 
2 02 47+ + =x x  

M2 Finds critical points, award M1 for each 

case. 

 5
2
, 0= − =x x  or 7 71 1

4 4 4 4
17, 17= − − = − +x x   A1  

 7 5 71 1
4 4 2 4 4

17 , 17 0− −   − − +  x x  , 3 1
2 2

5−x  A1 7 31 1
4 4 2 2

17 5,− −   − −x  

3 51
2 2 2

5 ,− −   −x  

7 31 1
4 4 2 2

17 5,− +   − +x  

3 1
2 2

5 0.− +  x  

  4  

 

y

x
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1 
2

1 1 1
3 1 3 1

1 3 7
2 1 1 2

1 2

−

= + + = −
k k

k k
k k

k

 

M1 A1 Evaluates determinant.  

 7= k   A1  

  3  

    

Question Answer Marks Guidance 

2(a) d d d 1 sinh

d d d cosh

+
= =

y y t t

x t x t
  

M1 A1 Applies chain rule. 

  2  

2(b) ( ) ( )
2 2

cosh cosh 1 sinh sinhd 1 sinh 1 sinh

d cosh cosh cosh

− ++ − 
= = 

 

t t t tt t

t t t t
  

M1 A1 
Finds 

d d
.

d d

 
 
 

y

t x
  

 2

2 3

d d d d 1 sinh

d d dd cosh

− 
= = 

 


y y t t

t x xx t
  

M1 A1 Applies chain rule, AG. 

  4  

2(c) 
21

2

2

(0) '(0) ''(0) 1
2!

= + + = + +
x

y y xy y x x   
M1 A1 Finds Maclaurin’s series. M1 for (0)y , '(0)y  and 

''(0)y  evaluated. A0 if 2!  not simplified to 2.  

  2  

3
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7(a) 
( )

( )( ) ( )( )

( )
1

2

1
2

1 1 1 1d 1
tanh

d 1 1

− − − + −− 
=  

+  −

x xx
x

x x x
 

M1 A1 
Applies 11

2

1
tanh ln

1

− + 
=  

− 

x
x

x
 .  

 

( )
2

1
2 2

1 2 1

1 11

− 
= = 

+ −  −

x

x xx
  

A1 AG. 

 Alternative method for question 7(a)   

 2 d
tanh sech 1

d
=  =

y
y x y

x
  

M1 A1 Implicit differentiation.  

 
2 2

d 1 1

d 1 tanh 1
= =

− −

y

x y x
  A1 AG. 

  3  
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7(b) 1h
d

d
tan −=−

y y
x

x x
x   

B1 Divides through by .x   

 1
1lnd

e e
−− − −= = x x x   

M1 A1 Finds integrating factor.  

 
( )1 1d

tanh
d

− −=x y x
x

  
M1 Correct form on LHS and RHS. 

 
1 1

2
tanh d

1

− −= −
−




x
x

x x
x

y x   
*M1 A1 Integrates correct function on RHS. 

 ( )11 1 2

2
tanh ln 1− − + − +=x y x xx C   A1 ‘+C ’ not required.  

 3 31 1 1 1 1
2 2 2 4 4 2 4

10 tanh ln ln3 ln−= + +  =− −C C   
DM1 Substitutes initial conditions.  

 ( ) 271 1
2 4 16

1 1 2ln 1 ltanh n− − + −= −xx y x x    A1 Accept 

( )1 1 2 31 1 1 1
2 2 2 2 4

1ln 1 tanh ln nta h .− − −+ − −= −x xxy x   

Accept ( )( )2 271 1
2 4 16

1 ln 1 ln .tanh−= + − −x xxy x  

  9  

4
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5(a) 1
3x ka h= +   M1 May be seen in a table.  

 ( )1
3 3x ka h= +  A1 AG, shown convincingly. 

 ( ) ( )1 1
3 3 2y a h a a h= + − = +   B1 May be seen in a table. 

 Alternative method for question 5(a) 

 Coordinates ( ) ( ) ( ), 0 ,    ,  ,    , 2+A ka B ka h h C ka a  

( ) ( )1 1
3 3 3x ka ka h ka ka h= + + + = +   

M1 Complete method to find x . 

 A1 AG, shown convincingly. 

 ( ) ( )1 1
3 30 2 2y h a h a= + + = +   B1  

  3  

5
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5(b) Taking moments about the x-axis:  
( ) ( )2 2 1 1

2 32  2    x ka ah ka ka ah ka h+ = × + +     
M1 Moments equation with 3 terms. 

 Area From OD 

OACD 22ka  1
2 ka  

ABC  ah  1
3  ka h+  

Shape OABCD 22  +ka ah   x  
 

 A1 Fully correct moments equation. May be seen in part 5(a). 

 For equilibrium, x ka≤ , so 
2 2 21

3

2
a k ahk h

ka
ak h
+ +

+
≤  

M1 Use correct condition with their x  for OABCD.  
Allow strict inequality. 
M1 for simplifying and attempting to solve an inequality. 
May be implied by correct final answer.  

 ( )0 3  h ka≤ ≤  A1 CAO 

  4  

5(c) Point of toppling means [ ]3h ka a= = . 

( )1
3 3 1x a= +   

B1  

 [ h a= , meaning triangle ABC is isosceles.] 
=y a  (by symmetry) 

B1  

  2  

6
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7(a) 
2 2

d 2tan
d 2 cos
y gx
x u

θ
θ

= −   M1 Valid attempt at differentiating. 

 d 1
d
y
x
= −   

B1  

 4 2
3 451 Ax− = −   M1 Form equation with –1 and attempt to find a value for Ax . 

 105
2Ax =   A1 52.5 or 525

g
. 

 35
4Ay =   A1 

8.75 or 175
2g

.   SC B1 for 35
4  OE from setting d 1

d
y
x
= + . 

 Alternative method for question 7(a) 

 Horizontally: 25cos 15θ= =Hv  
Vertically: 25sin 20Vv gt gtθ= − = −  

M1 Both equations, allow sign error. 

 At A:  tan 45 1= − ° = −V

H

v
v

 B1  

 7
2

20 1,   
15

gt t−
= − =   

M1 With RHS = –1, find value for t and Ax  or Ay  

 105
2Ax =   A1 52.5 or 525

g
. 

 35
4Ay =   A1 

8.75 or 175
2g

.   SC B1 for 35
4  OE from setting d 1

d
y
x
= + . 

  5  

7
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7(b) Let v  be the velocity before the collision at A. 
cos 15x xu u vθ= = =   

B1  

 15= − = −y xv v   B1  

 Speed: 2 2 15 2+ =x yv v  (m s–1)  B1 FT  

  3  

7(c) Let w  be the velocity after the collision. 
5
3 2w ev= =   

M1 Correct application of NEL. 

 A1  

 

( ) ( )

2
35
4 2 25

3

tan45
2 2 cos45

gxx− = −  , 29 35
5 4 0x x− − = . 

OR  
235 5 31 1

4 3 2 2 22 2 ,   t gt t= − × + =   

( )cos 45x w t=  5 3
3 2     = ×   

M1 Substitute values into trajectory equation and solve to find x. 
OR 
Complete method to find x that firstly determines the time of 
the flight after the particle strikes the barrier. 

 5
2x =  (metres) A1  

  4  

 
 

8
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1(a) ( )
22 '844' 1341

9 10 15
'71314' 8.933s  = − = =   M1 Correct expression, implied by AWRT 8.93. 

 2.262 B1 2.262 or 2.26 seen. 

 '844' '8.933'
10 10

'2.262'  M1 Correct form, must be a t-value. 

 [82.3, 86.5] A1 Accept with inequality signs or open brackets. 

Condone [86.5, 82.3]. 
Do not accept 84.4 2.1 . 

 The distribution of estimates of angles is normal. 

OR 
The estimates are a random sample from some population. 

OR 

The estimates are independent. 

OR 

Underlying distribution is normal. 

B1  

  5  

1(b) Population unlikely to be normal as   is close to right-angle / data 

is skewed. 

OR 

Estimates may not be independent, for example due to collusion. 

OR 

No indication that sample is random. 

B1 Must refer to the context. 

  1  

9
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5(a) 
3
2

4
9

4
0

1 2 1
2 1

16 3
x x

k

   + =    
 

( ) ( ) 1
21

8 0 3 2
24 k

− + − =  

OR 

1 2
1

3 k
+ =  

M1 Equation in terms of k  formed following attempt to integrate with 

correct limits. 

 2 2
,   3

3
k

k
= =  

A1 AG, no errors seen. 

  2  

5(b) 1
2

4
1 1 1

16 3 20 4
d d

m

x x x x
−

+ =   

OR 
1
2

9
1
3

d 0.5
m

x x
−

=  

*M1 Use of  4 9m   to form equation equal to 0.5, OE. 

Equation may be in terms of k.  

 

 ( )1 2 1
3 3 2

2m+ − =  

OR 

( )2 1
3 2

3 m− =  

DM1 Integrate and form an equation in m .   

 81
16

[ 5.0625]m = =  A1 Accept AWRT 5.06. 

  3  

10
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5(c) 

( )

3
2

1
2

1
24

2
3

0 4
F

1 4 9

x x
x

x x

 
= 

−

≤

≤ ≤

 

M1 Attempt to integrate both parts, limits not required. 

May be seen in part 5(a). 

 B1 For constant –1 obtained in expression for 4 9x≤ ≤ . 

May be seen in part 5(a). 

 
( )

31
24

2
3

0 2
G

1 2 3

y y
y

y y

 
= 

−

≤

≤ ≤
 

M1 For changing to y . 

Limits not required. 

 

( )

21
8

2
3

0 2

g 2 3  

0 otherwise

 

y y

y y

 


= 



≤

≤ ≤  

M1 For differentiation, limits not required. 

 A1 Fully correct with correct domain covering all reals. 

 Alternative method for question 5(c) 

 Using chain rule (or inverse function): 

( ) ( )2G Fy y=  so ( ) ( ) ( )2 2d
g F 2 f

d
y y y y

y
= = . 

M1 M1 for changing to y . 

 A1  

 

( )

( )21
16

2

2 0 2

g   
1

2 2 3
3

y y y

y

y y
y

 



=   
  

 
 

≤

≤ ≤

 

M2 Use of ( ) ( )2g 2 fy y y=  twice, limits not required. 

M1 for one expression. 

 

( )

21
8

2
3

0 2

g 2 3  

0 otherwise

 

y y

y y

 


= 



≤

≤ ≤  

A1 Fully correct with correct domain covering all reals. 

  5  

11


