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Complex numbers = 2.5

eXercise
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Questions in this set

9231/21 N25 Q8 = 12 marks
9231/22 N25 Q2 = 5 marks
9231/22 N25 Q4 = 8 marks
9231/24 N25 Q3 = 8 marks
9231/21 J25 Q1 = 5 marks
9231/21 J25 Q3 = 6 marks
9231/23 J25 Q5 = 10 marks
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Reading the mark scheme

m (B1) a mark that stands on its own — the point is either made or not.

m (M1) a method mark: the right approach, even if the number is wrong.

m (A1) an answer mark, and it usually needs its M mark first.

m (C1) a working mark on the way to the answer.

m // separates answers the examiner accepts equally.

m ecf = error carried forward: a later part is marked on your own earlier answer.

m owtte = “or words to that effect” — the wording need not match.
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Question 8

0231/21 N25 = Q8 = 12 marks

(a) State the sum of the series z+ 22 + ... + 2, for z # 1. [1]
(b) By letting z= %(cos + isinf) use de Moivre's theorem to deduce that
n n+2 n+1 . .
Z ()™ sin o — (%) sin nf — (%5) sin(n+1)60 + %Sln@l (6]
— 7 —cost
c) Use the result in (b) to fin 5) mcosmb in terms of n and 0.

Use th It i find ; 0i fnand 6 3
d) Hence find 1 mcos mf in terms of cos 6. 2

(3)

m=1
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Solution 8

(a)

zn+ 1
mz+Z24+.. .+ =

—Z

z—1
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Solution 8

(b)

m With z= Lelf Z m eimd 7_12 Multiplying numerator and
Z_

denominator by the conjugate of z— 1 and taking the imaginary part (using
sin(A — B)) gives
n

1 n+2 . _
Z (%)msianZ (3)" “sinnd —(

m=1

)n+1 sin(n+1)0 + 4 sin 6
—cosf

(AG).

NI -
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Solution 8

(<)

n Z (%)mmcos ml = a% [ (%)msian
m=1

m=1

. Differentiating the result in (b)

by the quotient rule: =
(5 — cos8) ((3)" neosnd — ()™ (n+ 1) cos(n+1)0 + § cos) — ((3)"* sinnt

(% — cos 9)2
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Solution 8

(d)

1)n+...

m As n — oo the (5 terms vanish, so
o

5_ 1 (1 . 5 1
Z(%)mmCOSmQZ (4 COSQ)(QCOSO) (QSm‘g)SmH: 85C089 2

1 (% — 0089)2 (1 — oS 9)2-




Past-paper walk-through

Question 2

0231/22 N25 = Q2 = 5 marks
i6

Find the roots of the equation z* = 8 — 8iy/3, giving your answers in the form re?,
where r> 0 and —7m < 0 < 7. [5]
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Solution 2

m 8 — 8iv/3 =16e /3. Fourth roots have r=2 and § = — % 5z Lr —%:
2e—i7r/12 2ei57r/12 2ei117r/12 26—17#/12-
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Question 4

0231/22 N25 = Q4 = 8 marks

1\6
(a) By considering the binomial expansion of <z—|— > , where z = cosf + isin 6, use
V4

de Moivre's theorem to show that cos® @ = acos 66 + bcos 46 + ccos 20 + d, where a,
b, c and d are constants to be determined. [5]

1
(b) Find the exact value of/

5™
0

cos® 2x dx. [3]
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Solution 4

(a)

mz+1i=2cosfand (z+1)5=(B+z6)+6(A+z1)+15(2+22)+20=
2 cos 66 + 12 cos 460 + 30 cos 20 + 20. So
64 cos® @ = 2 cos 66 + 12 cos 40 + 30 cos 20 + 20, giving a =

_ 15 — 5
c=3535,d= 15

b= 3

L
32! 16’
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Solution 4

(b)

m With 6 = 2x, integrating over [0, 5] all the cosine terms vanish, leaving

w/2
6 _ 5 .@m _ 5%
/0 cos’ 2xdx = %5 = 35-
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Question 3

0231/24 N25 = Q3 = 8 marks

(a) Use de Moivre's theorem to show that sin 56 = 16sin® § — 20sin®6 + 5sin§.  [4]

(b) Hence obtain the roots of the equation 32x> — 40x® + 10x — v/3 = 0 in the form
sin gqm, where q is a rational number. [4]
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Solution 3

(a)

m sin 50 = Im ((cos @ + isin#)®) = sin® § — 10sin® 6 cos? 6 + 5sin 6 cos* 6.
Using cos? 6§ = 1 — sin? 6:
= sin® §—10sin® O(1—sin? §)+5 sin f(1—sin? §)? = 16sin® H—20sin® H+5sin f
(AG).
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Solution 3

(b) Mark scheme

m Let x_ sin 0; then 32x5 4053 + 10x = 2sin 50 = \f so sin50 = $+/3. Thus

50 = 37'(' + 2km or 37T + 2km, giving roots sin 11;77 sin 1577 sm( =T )

Sm( 14577) sin 17577 (ie. q—115,125, é’_lfﬂﬁ)
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Question 1

9231/21 J25 = Q1 = 5 marks
6

Find the roots of the equation z3 = 27 — 27i, giving your answers in the form re?,
where r> 0 and —7 < 0 < 7. [5]
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Solution 1

m 23 = 27— 27i = 27v/2e~1™. Cube roots have modulus (27/2)1/3 = 3 . 21/6
and arguments —%77 + %kﬂ': z1=3- 21/6e_%”i, z5=3- 21/66%Wi,

9 _.
z3 =3 2/6g 137
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Question 3

9231/21 J25 = Q3 = 6 marks

5
By considering the binomial expansion of (z— ) , Where z= cosf +isin @, use de
z

Moivre's theorem to show that cosec’d =

+ bsin h b and
sin 50 bsi 39 + csin 6, where a, and C
are integers to be determined. "
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Solution 3

m With z— z7! = 2isin: (z—z 1)’ =(2 —z7%)-5(2 - z3)+10(z— z1).
Using 2" — z~" = 2isin nf: 2%isin® = 2isin 50 — 5(2isin 30) + 10(2isin ),
so 16sin’® = sin 50 — 5sin 360 + 10sin §, giving

1
0 (a=16, b= —5, c=10).

50 _
o sin 50 — 5sin30 + 10sin 6
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Question 5

0231/23 J25 = Q5 = 10 marks

sec® (6]
5sect @ — 20sec? 6 + 16
(b) Hence, obtain the roots of the equation v/3x° — 10x* + 40x%> — 32 = 0 in the form
sec(qm), where g is rational. [4]

(a) Use de Moivre's theorem to show that sec 50 =
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Solution 5

(a)

m (cosbf +isin50) = (c+is)® (c = cosf, s = sin#). Real part:
cos 50 = & — 10s>°c3 4 5s*c. Using s =1 — &: = 166 — 202 + 5c. Dividing

1
numerator and denom5inator of sec 50 = 165 208 T 5¢ by &
sec® 0
50 = AG).
See 5sectf — 20sec? 0 + 16 (AG)
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Solution 5

(b) Mark scheme

" \/§x5—10x4+40x2—32:02>x5:%(5x4—20x2+16), so
X5 2

5 — 202 + 16 =75 With x = sec, sec50 = -2, i.e. cosbl = g Roots:

V3
sec %77, sec %7‘(’, sec %77, sec %7’[’, sec %ﬂ' (~ —1.35,—1.15,1.01,2.46,4.81).



