A-LEVEL FURTHER MATHEMATICS « EXERCISE SHEET

2.3 Differentiation (Maclaurin,
hyperbolic, parametric)

Name: _ Class: _____ Date: Total: 37 marks

KEY WORDS maclaurin’s series
o further differentiation

» hyperbolic functions

Objective

Build the skills to answer exam questions on further differentiation — derivatives
of inverse and hyperbolic functions , second derivatives of implicit /parametric
curves, and Maclaurin’s series

You must be able to:
« differentiate sin~!z, tan~! z, sinh «, cosh z, tanh x

d2
o find d—g for implicit/parametric curves
iy

e find a Maclaurin series for a function
1 Key knowledge and worked examples

B Maclaurin series
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Adding more terms makes the polynomial match the function over a wider stretch
around x =0

e Lex

(0,1)

e COSh X
e Sinh X

coshx =247 . sinhx =€ . cosh?x —sinh?x =1

The hyperbolic functions whose derivatives appear here

. ' f"0) , x?
Maclaurin: f(z) :f(O)Jrf(O)erTI +-yeg et = 1+x+§+~-
d d 1
Derivatives: — sinhx = coshz; —tan™'o = ——.
dx dx 1422

B The derivatives to know, and the substitutions they unlock

Hyperbolic functions, defined from the exponential:

sinh x

sinhz = 2(e® —e™™) coshz = (e +¢e7") tanhz =

1
2 cosh x
The identity is cosh?z — sinh®z = 1 — note the minus, which is what makes the

substitutions differ from the trigonometric ones.

dy
y dx
sinh x coshx
coshx  sinhx (no minus — unlike cos)
tanh x sech® z
. 1
arcsing = ————
V1 71952
arccosx —————
\1/ 1— 22
arctan x
1+ 1:52
arsinhay ———
V1 ir 2
arcosh x




Reading the integral to choose the substitution — the sign under the root
decides:

Integrand contains Substitute Because

Va2 — 22 x=asind 1—sin®= cos?
a® + 22 r=atanf 1+ tan® = sec?
va?+ x? x =asinhu 1+ sinh? = cosh?
72 — a? x =acoshu cosh? —1 = sinh?
Worked example. Differentiate y = arsinh(3xz) and hence write down
1
/ S
V1 + 922
3 3

1. By the chain rule,

9 _ -
dr /14 (3z)2 V14922
2. So /ﬁ dr = arsinh(3z) + C.

3. Dividing by dx = % arsinh(3z) + C.

1
3: / —_—
V14 922 s
That is the pattern behind almost every “differentiate, hence integrate” question: the
integral you are asked for is the derivative you just found, scaled.

B Key knowledge: A parametric second derivative

Differentiate the first derivative with respect to the parameter, then divide by dz/dt
again. Do not confuse d?y/dt? with d*y/dz>.

B Worked example: A parametric second derivative

For z = *, y = 3 and ¢t > 0, dy/dz = (3t*)/(2t) = 3t/2. Hence d’y/dz?® =
[d(3t/2)/dt]/(2t) = 3/(4t). At t = 2, this is 3/8. Writing y = 2*? supplies an
independent derivative check.

2.3 Differentiate y = cosh(4x) and y = arctan(2x).

2.4 State the substitution you would use for / dzx, and why.

1
Va2 -9

2.5 Show that cosh? z — sinh? z = 1 using the exponential definitions.

3 Exam-style questions

d
3.1 — tanh x equals:
dx

A sech®z
B cosech® z
C cosh®z
D sinh’®z

3.2 Find the Maclaurin series for In(1 + ) up to and including the term in x.

2 Practice

2.1 Differentiate y = cosh(3x). 2]

2.2 Differentiate y = sin™(2x). [

™)




- . . dPy 1
3.3 A curve is given by = t2, y = 3. Find dT:Z in terms of ¢. 5] (d) Differentiate y = x arctanz and hence evaluate / arctan x dz, giving your answer
0

in exact form. 5]

3.4 (a) Differentiate y = arcosh(2z) with respect to . E

(b) Hence find /¥ dx. [2

422 — 1

DO

(c) Use the substitution = 3sinh u to show that / dx = arsinh(%) +C. |5

1
V9 + 22




Solutions

Each answer shows the steps, then the result.

2.1

d
. d—z = 3sinh(3z)

2.2

dy 2

dr /1 — 422
2.3

d d 2
<o cosh 4x = 4sinh 4z; e arctan 2z = T 122

2.4
o x = 3coshu; because cosh? u — 1 = sinh? u removes the root when a = 3
2.5

o cosh®z = L(e" +e7")2 = L(e* + 24+ e7); sinh’z =

H)-1

i(@h — 2 + e72%); subtracting,

3.1A

d
o« — tanhz = sech®z
dx

3.2

F0) = 0 F(@) = ——, f1(0) = 1 f'(x) = ————03, F(0) = =L; £(0) = 2
. = 0: ) = = 1 ) = — , = —1; = 2;

’ Tz ' L+ 27
x? 2

In(1 — T T

n(l+z)=zx 5 + 3
3.3

2 F 2 2

Ly AR 8dy_d(3) b 323

dt dt dx 2t 27 dx? dt \ 2 dt 2t 4t
3.4
(a)

dy 2 2

dr ~ Jap -1 ViP-1
(b)
e The integrand is half the derivative in

()

-, so the integral is § arcosh(2z) 4+ C

()

d
e x = 3sinhwu so d—x = 3coshu; 9+ 2% = 9(1 + sinh*u) = 9cosh®u, so VI + 22 =
u

3coshu

3 cosh u; the integral becomes /
3coshu

du:/ldu:quC; and u = arsinh(z/3)
(d)
4 (7 arctanz) tanz + ——; integrating both sides from 0 to 1, [ arctan z]!
o —(zarctanx) = arctan x + ———; integrating both sides from 0 to 1, [z arctan z]; =
dz T4o2 8 & ’ 0

1
/arctanxdx+[%ln(lerQ)](l);so%:]Jr%an;[:Zf In2
0



