Exercise walk-through

The mantissa-exponent
trade-off, normalisation, and
overflow and underflow

A-Level Computer Science



Data Representation

- Floating-point

Approximation and rounding errors

Many denary reals cannot be stored exactly in binary — e.g.

m rounding errors build up over many operations (0.1 + 0.2 is not exactly
0.3).
m comparisons fail — test ABS(x - 0.3) < 1le-9 instead of x = 0.3.

m subtracting two nearly-equal values loses precision.

m overflow (a result too large for the exponent’s range) and underflow (a result
too small, rounding to zero) occur when the exponent runs out of range.



Data Representation

- Floating-point

Why 0.1 + 0.2 is not 0.3

Many denary reals cannot be stored exactly in binary — 0.1;9 = 0.000110011 .. .5 must
be truncated.

rounding overflow underflow
errors build up over result too large for result too small,
many operations the exponent’s range rounds to zero
Never test reals with =. Use a tolerance, or use fixed-point / BCD for

money.



Data Representation

- Floating-point

Exam tips

m For floating-point binary — denary, read the mantissa as a fraction and the
exponent as a signed integer, then multiply; a negative mantissa follows
two’s-complement rules.

m Normalise by shifting until the first digit after the point differs from the sign bit —
this maximises precision.

m Explain rounding, overflow and underflow errors and why 0.1 cannot be stored
exactly.

m Compare file organisation (serial, sequential, direct) and how hashing finds a
record quickly.



A-Level Computer Science

Exercises 2.1:2.2

2.1 State what a normalised mantissa looks like for a positive number and for a negative
number. 2]

2.2 A number is stored with mantissa 01100000 and exponent 00000010.

Calculate its denary value. 2]



A-Level Computer Science

Exercises 2.1:2.2

2.1 State what a normalised mantissa looks like for a positive number and for a negative
number. 2]

2.1

e positive: the sign bit is 0 and the next bit is 1, so it begins 01
e negative: the sign bit is 1 and the next bit is 0, so it begins 10
o in both cases the bit after the sign is the opposite of the sign bit

2.2 A number is stored with mantissa 01100000 and exponent 00000010.
Calculate its denary value. 2]
2.2

o mantissa 01100000 = 0.5+ 0.25 = 0.75; exponent 00000010 = 2
e 0.75x22=3



A-Level Computer Science

Exercises 2.3:2.5

2.3 State one reason why floating-point numbers are normalised. [1]

2.4 State what is meant by overflow and by underflow. [2]

2.5 State which part of a floating-point number, the mantissa or the exponent, determines
the range of values that can be stored. 1]



A-Level Computer Science

Exercises 2.3:2.5

2.3 State one reason why floating-point numbers are normalised. [1]

2.3

e any one: it gives the greatest possible precision for the bits available, because no
mantissa bit is wasted on a leading zero; or it makes the representation unique, so
one value has one stored form

2.4 State what is meant by overflow and by underflow. [2]

2.4

o overflow: the result is larger than the largest value the format can represent

e underflow: the result is a non-zero value smaller than the smallest the format can
represent, so it is stored as zero

2.5 State which part of a floating-point number, the mantissa or the exponent, determines
the range of values that can be stored. 1]

2.5

e the exponent



A-Level Computer Science

Exercise 3.1

3.1 A system uses a fixed total of 16 bits for each floating-point number.

Describe the effect on the numbers that can be stored of increasing the number of bits
allocated to the mantissa and reducing the number allocated to the exponent. (3]



A-Level Computer Science

Exercise 3.1

3.1 A system uses a fixed total of 16 bits for each floating-point number.

Describe the effect on the numbers that can be stored of increasing the number of bits
allocated to the mantissa and reducing the number allocated to the exponent. (3]

3.1

e precision increases: more mantissa bits means more significant figures, so values
are stored more accurately and rounding errors are smaller

« range decreases: fewer exponent bits means the largest and smallest magnitudes
that can be stored both move towards 1

o the total is fixed, so one can only be gained at the other’s expense; overflow and
underflow therefore occur for values that the old allocation could have held



A-Level Computer Science

Exercise 3.2 (a)

3.2 A number is stored with mantissa 00011000 and exponent 00000101.

(a) Calculate its denary value.



A-Level Computer Science

Exercise 3.2 (a)

3.2 A number is stored with mantissa 00011000 and exponent 00000101.

(a) Calculate its denary value.

(a) mantissa 00011000 = 0.125 4 0.0625 = 0.1875; exponent = 5
e 0.1875x2°=0.1875x32=6



A-Level Computer Science

Exercise 3.2 (b)

3.2 A number is stored with mantissa 00011000 and exponent 00000101.

(b) Write the number in normalised form, giving the new mantissa and the new expo-
nent. 3]



A-Level Computer Science

Exercise 3.2 (b)

3.2 A number is stored with mantissa 00011000 and exponent 00000101.

(b) Write the number in normalised form, giving the new mantissa and the new expo-
nent. 3]

(b) the mantissa must begin 01, so shift left by 2 places

e new mantissa = 01100000
o the exponent decreases by 2, from 5 to 3, so it is 00000011
 shifting right, or increasing the exponent, changes the value and scores nothing



A-Level Computer Science

Exercise 3.2 (c)

3.2 A number is stored with mantissa 00011000 and exponent 00000101.

(¢) Show that your normalised form has the same value.



A-Level Computer Science

Exercise 3.2 (c)

3.2 A number is stored with mantissa 00011000 and exponent 00000101.

(¢) Show that your normalised form has the same value.

(c) 0.75 x 23 = 0.75 x 8 = 6, the same value as in (a)



A-Level Computer Science

Exercise 3.3

3.3 Explain why overflow and underflow are caused by the exponent rather than by
the mantissa. (3]



A-Level Computer Science

Exercise 3.3

3.3 Explain why overflow and underflow are caused by the exponent rather than by
the mantissa. (3]

3.3

o the mantissa fixes the precision — how many significant figures are kept — and it
always represents a value between —1 and +1

o the exponent fixes the magnitude, by saying what power of 2 the mantissa is
multiplied by, so it alone decides how large or how small the number can be

o overflow happens when a result needs an exponent larger than the exponent field can

hold, and underflow when it needs one more negative than the field can hold; running
out of mantissa bits causes a loss of accuracy, not overflow



A-Level Computer Science

Exercise 3.4 (a)

3.4 A program adds 0.1 to 0.2 and tests whether the result is equal to 0.3. The test
fails.

(a) Explain why. 2]
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Exercise 3.4 (a)

3.4 A program adds 0.1 to 0.2 and tests whether the result is equal to 0.3. The test
fails.

(a) Explain why. 2]

(a) 0.1 and 0.2 are recurring binary fractions, because their denominators are not powers
of 2, so neither can be stored exactly

o each is rounded to fit the mantissa, and the two small errors survive into the sum, so
the result differs from the stored value of 0.3 in its last bits



A-Level Computer Science

Exercise 3.4 (b)

3.4 A program adds 0.1 to 0.2 and tests whether the result is equal to 0.3. The test
fails.

(b) State how the test should be written instead. [1]



A-Level Computer Science

Exercise 3.4 (b)

3.4 A program adds 0.1 to 0.2 and tests whether the result is equal to 0.3. The test
fails.

(b) State how the test should be written instead. [1]

(b) test that the difference from 0.3 is smaller than a small tolerance rather than testing
for zero, for example IF X - 0.3 < 0.000001 AND 0.3 - X < 0.000001 THEN

o a modulus function is not on the 9618 insert, so a question needing one supplies it



A-Level Computer Science

Exercise 3.5

3.5 A banking system stores currency amounts. Explain why floating-point representa-
tion is not suitable, and state what should be used instead. [3]
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Exercise 3.5

3.5 A banking system stores currency amounts. Explain why floating-point representa-
tion is not suitable, and state what should be used instead. [3]

3.5

o currency values such as 0.10 are recurring binary fractions and cannot be stored exactly
in floating-point

e the rounding errors accumulate over many transactions, so totals drift and accounts
fail to balance — an error of any size is unacceptable in money

o use fixed-point representation, or BCD), in which each denary digit is stored exactly



