Algebra and graphs
IGCSE Mathematics

This handout covers Topic 2, Algebra and graphs. Parts marked (Extended) are only
tested on the Extended papers; everything else is for both levels.

Working with algebra

In algebra ft%{ we use letters to stand for numbers. A letter whose value can change is
a variable 28 &. To substitute f{ A means to put a number in place of a letter.

Worked example. Find the value of 322 — 2y when # = 4 and y = 5.

3x47—2x5=3x16—10=48 — 10 = 38.

Simplifying and expanding

A term Jil is a single part of an expression FiA=, such as 5a or —9b. Like terms ]
27 have exactly the same letters; you may add or subtract them. The number in front
of the letter is the coefficient Z&%{.

3 3z 6 3(x +2) =32+ 6

Ezxpanding a bracket with an area model

3a+2a+4b—b

l collect like terms

5a + 3b

Collecting like terms: add terms with the same letter

Worked example. Simplify 2a? + 3ab — 1 + 5a% — 9ab + 4.
Collect like terms: 2a? + 5a® = 7a?, 3ab — 9ab = —6ab, —1 + 4 = 3. So the answer is

7a® — 6ab + 3.



To expand I means to multiply out brackets $5*5-. Multiply every term inside by
the term outside; for two brackets, multiply every term in the first by every term in the
second.

Worked examples.

32(2x — 4y) = 62 — 12xy.

e+ 1)(z—4)=22> - 8x+ 2 — 4 =22 — Tz — 4.

For three brackets (Extended), expand two first, then multiply by the third:
(x—2)(x+3)2r+1)= (2> +2 —6)(22 + 1) = 22° + 32° — 11z — 6.

Factorising

To factorise KX/ fi# is the opposite of expanding: write the expression as a product
of brackets. Always take out the common factor 7\ [K = first.

Worked example. 922 + 152y = 3z(3z + 5y), because 3z divides both terms.
The following patterns are Extended.

Grouping (four terms): take a common factor from each pair.

Ty +25+3y+6=a(y+2)+3y+2) = (x+3)(y+2).

Difference of two squares )52 a®> —b? = (a +b)(a — b).

92> — 16 = (3x + 4)(3z — 4).

Perfect square ¢4 FJ5: a® + 2ab + b* = (a + b)%.

2?4+ 62 +9 = (v + 3)%.

Quadratic X expressions az? + bz + ¢: find two numbers that multiply to a x ¢ and
add to b, then split the middle term.
Worked example. Factorise 222 + 7z + 3.

Here a x ¢ =6 and b = 7. The numbers 1 and 6 work. Split and group:

202 +r+ 6z +3 =222+ 1)+ 312z + 1) = (v + 3)(2z + 1).

For az® + bz + cx, take out the common z first: 223 + 72? + 3z = x(22% + 7z + 3) =
x(x+3)(2z +1).



Completing the square (Extended)

. N\
A suspension bridge cable hangs in a parabola —the graph of a quadratic.

Image: Dietmar Rabich, CC BY-SA 4.0 (commons.wikimedia.org)

Completing the square [ii 5% rewrites 22 + bx + ¢ as (z + p)? + ¢. Take half of the
z-coefficient, square it, then balance.

Worked example. Write 22 + 6z + 1 in completed-square form.

Half of 6 is 3, and 32 = 9:

2?4+ 6r+1=(2+3?-9+1=(r+3)?2-8.

When the 22 has a coefficient, take it out of the first two terms first:
20" +8v+3=2(z+4z) +3=2((z +2)* - 4) + 3 =2(z +2)* — 5.

Algebraic fractions (Extended)

An algebraic fraction 43z has algebra on the top or bottom. Add and subtract using
a common denominator; multiply and divide as with ordinary fractions.

Worked examples.

v r—4 2 3r—4) 2x+3x-12 5Sr—12

2_6+6_6_6

3¢ 9a 3a 10 30a 5

1710 479 36a 6

To simplify a rational expression £ H;, factorise the top and bottom, then cancel
common brackets.

=2z  zx—-2) oz
22-5x+6 (z—2)(x—3) x-3




Indices in algebra

The laws of indices #5%{ work with letters too: a™ x a® = ™™, a™ + a" = a™ ", and
(am)n — CLmn.

Worked examples.

(52°)? = 252°, 12a° =~ 3a™% = 4d”, 627y* x 5x "y = 302%°.
You can also solve simple index equations by writing both sides with the same base Jig
Worked example. Solve 2% = 32. Since 32 = 25, you get = 5.

Equations

An equation £ says two expressions are equal. To solve a linear —{X equation, do
the same operation to both sides until the unknown AKZHI%Y is alone.

20 +3 =11 (start)

2x = 8 subtract 3 from both sides

r=4 divide both sides by 2

Solve by doing the same to both sides

Worked example. Solve 5 — 2z = 3(z + 7).

5—2r=3r+21 = 5—-21=3zx+2zx = —-16=5x = x:—%.

Fractional equations (Extended)

A fractional equation 4337 has the unknown in a denominator. Multiply both
sides by the denominator to clear it.

ked le. Sol =
Worked example. Solve 1

r=42x+1)=8x+4+4 = —Tx =4 = = —

NIES

Simultaneous equations

Simultaneous equations ¥/ 7 are two equations solved together. For two linear
equations, add or subtract to remove one letter.
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Worked example. Solve 2x +y =7 and 3z —y = 8.
Adding removes y: 5x =15, so x = 3. Then y =7 — 2(3) = 1.

8-\ 2x+y=17

4

solution: x=3,y=1

4 5
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The solution of simultaneous equations is where their graphs cross

For one linear and one quadratic equation (Extended), substitute the linear into the
curve.

Worked example. Solve y = z + 2 and y = 2°.

?=r+2 =1 -1-2=0= (z-2)(z+1)=0,

sox =2 (giving y =4) or z = —1 (giving y = 1).

Solving quadratic equations (Extended)
There are three methods.
« By factorising: 2> +52+6=0= (z+2)(z+3)=0=2z=—-2o0rz = -3.

« By completing the square: 2> +6r +1=0= (2 +3)>=8=2+3 = 4+2\/2 =
T =-3+2V2.

e By the quadratic formula >R fi#/s3, which is given in the exam:

—b+Vb? — 4dac
T = )
2a

Worked example (formula). Solve 222 +3z —1=0. Herea=2,0=3,c= —1:

Lo T3EVI+8 —3+ V17
B 4 B 4



Changing the subject

To change the subject A A5 of a formula means to rearrange it so a chosen letter
is alone on one side.

Worked example. Make r the subject of A = 7r? (Extended, because of the power).

, A A
== = r=4/—.
T T
When the letter appears twice (Extended), collect those terms and factorise. To make
. r+1
x the subject of y = :
r—1
1+y
Y- =2+l = yr—r=1+y = 2(y—1)=1+y = T= -7

Inequalities

An inequality ANZE uses <, >, < or >. Solve it like an equation, but reverse the
sign if you multiply or divide by a negative number.

Worked example. Solve —3 <3z —2 < 7.
Add 2 to all parts, then divide by 3:

-1<32<9 = -1 <z <3

On a number line %{#li, use an open circle for < or > (value not included) and a closed
circle for < or > (value included).

— 1 included 3 excluded
(closed circle) (open circle)
<« I —@= I I O I >
-3 -2 —1 0 1 2 3 4

<z < 3: a closed circle includes the end value, an open circle excludes it.

Wl

Regions (Extended)

An inequality in two letters describes a region X1 of the graph. Draw the boundary
line (broken for < or >, solid for < or >) and shade the unwanted side. You may also
be asked to list the inequalities that define a given region.



Sequences

Romanesco broccoli: self-similar spirals form a natural number pattern.

Image: Jon Sullivan, Public domain (commons.wikimedia.org)

A sequence %% is a list of numbers that follow a rule. The term-to-term rule % i
I tells you how to get the next term from the one before.

To find the rule for the term in position n (the nth term), look at how the terms change.

Linear sequence (the terms go up by the same amount each time). The difference is
the multiple of n.

Worked example. Find the nth term of 2,5,8,11,...

The terms go up by 3, so start with 3n. Since 3 x 1 = 3 but the first term is 2, subtract
1: the nth term is 3n — 1.

Quadratic sequence (the differences themselves change by the same amount). The
second difference equals 2x the coefficient of n?.

Worked example. Find the nth term of 2,5,10,17,. ..

First differences are 3,5, 7; the second difference is 2, so the n? part is 1n%. Subtracting
n? (1,4,9,16) from the sequence leaves 1,1,1,1. So the nth term is n? + 1.

A cubic =k sequence such as 1,8,27,64,... has nth term n®>. An exponential se-
quence FEEEH such as 2,6,18,54, ... multiplies by a fixed number each time; here
the nth term is 2 x 371,

Direct and inverse proportion (Extended)

Two quantities are in direct proportion IFE [t ff] if one is always a fixed multiple of
the other: y o< x means y = kx, where k is a constant #%{. They are in inverse



1 k
proportion S . fi] if one rises as the other falls: y o< — means y = —. The symbol o
T x

is read "is proportional to”. You can also have proportion to a square, square root, cube
or cube root.

Worked example. y is in direct proportion to x, and y = 12 when x = 3. Find y when
r="T.

First find k: 12=k x 3,s0 k =4 and y = 4x. Then y =4 x 7 = 28.

Graphs in practical situations

The gradient £} (steepness) of a graph shows a rate of change Z{%.

o A travel graph 17#£& (distance-time graph) has gradient equal to speed; a flat part
means the object is not moving.

+ A conversion graph {34 [& is a straight line used to change between two units (for
example, miles and kilometres).

A

30 A

moving away
(steady speed)

turning home

stopped
(gradient 0)

distance from home (km)

2.0 3.5 6.0
time (h)

On a distance—time graph the gradient is the speed; a flat section means the object has
stopped.

Speed—time graphs (Extended)

On a speed-time graph the gradient is the acceleration fIi# & (or deceleration Jii#
Ji if the speed falls), and the area [ffH under the graph is the distance 1% travelled.

Worked example. A car speeds up from rest to 20 m/s in 8 s, then stays at 20 m/s for
12 s. Find the acceleration and the total distance.

Acceleration = 3= 2.5 m/ s?. The distance is the area: a triangle plus a rectangle,



5 X 8% 20+ 12 x 20 = 80 + 240 = 320 m.

20 +

speed (m/s)

area =12x20=240m

area
=1(8)(20) . .
=80m i gradient = acceleration

i =20/8=2.5 m/s?

v

time (s)

On a speed—time graph the gradient is the acceleration and the area underneath is the
distance travelled.

Graphs of functions
To draw a graph, make a table of values Z{{HF: choose values of z, work out y, then
plot the coordinates Ak#5 and join them with a smooth curve.

The points where a graph crosses the z-axis (the horizontal axis AkFr%H]) are the roots
#i—the solutions of y = 0.

You can solve an equation by reading a graph. The intersection point %2 ;5 of a line
and a curve gives the solution of the two equations together.

For exponential growth 5%} K and exponential decay $5§%{3E i, the graph of
y = ab® + c rises (or falls) faster and faster and flattens towards a horizontal line.

Sketching curves

A quick sketch should show the right shape and the key features: where it crosses the
axes, any symmetry %fFK, and any line the curve gets close to.



Function Shape

linear, y = mx + ¢ straight line; gradient m, y-intercept #fE ¢
quadratic, y = az® + bxr + ¢ a parabola ik (U-shape if a > 0, N-shape if a < 0)
cubic, y = ax® + bx + ¢ an S-shaped curve

a
reciprocal, y = — + b two separate curves

x
exponential, y = ar® +b fast growth or decay

linear quadratic cubic
/ /
reciprocal exponential growth exponential decay

.——/ \

The basic graph shapes; knowing each shape lets you sketch quickly from the equation.

For a parabola, completing the square gives the turning point ¥4 i (the lowest or
highest point). For example y = (z + 3)? — 8 has its turning point at (—3, —8).
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y
A
\
axis of symmetry x = -3

\

turning point (-3, —8)

Completing the square, y = (x + 3)? — 8, shows the turning point (—3, —8) and the line
of symmetry r = —3.

An asymptote ¥4k is a line that the curve gets closer and closer to but never touches

—for example, the x-axis for y = —, or the line y = b for y = ar® + 0.
x

Differentiation (Extended)

Differentiation f#{/} finds the gradient of a curve at any point. You can estimate it by
drawing a tangent 1JJZ (a line that just touches the curve) and measuring its gradient.

A

tangent (just touches curve

the curve at one point)

gradient of the curve here
= gradient of the tangent

X

The gradient of a curve at a point equals the gradient of the tangent there —what
differentiation finds.
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The exact rule: if y = az™, then the derivative F4§ is

dy
— = anx

dx

n—1

Differentiate a sum term by term.

d
Worked example. If y = 2% + 222 — 5z, then d_y = 322 +4x — 5.
x

X d
A stationary point ¥ i (turning point) is where the gradient is zero, so set d_y = 0.
x

Worked example. Find the turning point of y = 22 — 6z + 5.

dy

2 =2r-6=0=1=3, y=3"-6(3)+5=—4
dz

The turning point is (3, —4). To decide whether a turning point is a maximum #z J{H
or a minimum %y /MH, check the sign of the gradient on each side, or use the second
derivative (positive means a minimum).

Functions (Extended)

A function pF%{ turns each input into one output. We write f(x), for example f(x) =
3z — 5,50 f(2) = 1. The set of allowed inputs is the domain g ¥iif; the set of possible
outputs is the range {H1a}.

The inverse function JZpK%{ f~'(x) undoes the function. To find it, write y = f(z),
swap the roles, and make x the subject.

Worked example. Find the inverse of f(z) = 3z — 5.

) )
y=sr-5 = a=1" o fla) ="

f(z) =3z —5: do x3, then =5

the inverse takes the

x+5 output back to the
[ z) = 5 reverse the order, undo each step input: f(2) =1,
so f71(1) =2

6
2 1
A function as a machine; the inverse runs it backwards - reverse the order, undo each

step

A composite function & & pR%L applies one function after another: ¢f(z) means ”do
f first, then g”.



Worked example. If f(z) = 22 and g(z) = z + 3, then
gf(x) = g(2z) = 22+ 3, fo(z) = f(x+3) =2(x + 3) =2z + 6.

Exam tips

e When you expand brackets, multiply every term and watch the signs, especially
with a minus in front: —(x — 3) = —z + 3.

e To solve an equation, do the same thing to both sides. When you multiply or divide
an inequality by a negative number, flip the sign.

o Factorise fully: take out the highest common factor first, then look for a difference
of two squares or a quadratic pattern.

e A quadratic usually has two solutions —give both. Check whether the question
wants factorising, the formula, or completing the square.

o When substituting into a formula, put each value in brackets first, so signs and powers
come out right.
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