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Example Responses — Paper 1

Introduction

The main aim of this booklet is to exemplify standards for those teaching Cambridge International AS & A Level
Further Mathematics 9321.

This booklet contains responses to all questions from June 2025 Paper 14, which have been written by a Cambridge
examiner. Responses are accompanied by a brief commentary highlighting common errors and misconceptions where
they are relevant.

The question papers and mark schemes are available to download from the School Support Hub

9321 June 2025 Question Paper 14

9321 June 2025 Mark Scheme 14

Past exam resources and other teaching and learning resources are available from the School Support Hub



http://www.cambridgeinternational.org/support
http://www.cambridgeinternational.org/support

Example Responses — Paper 1

Question 1

1 (a) Use the List of formulae (MF19) to find Z(2r+ 1) in terms of n, simplifying your answer.  [2]

=1

n

Z(Zr +1):2VZV:‘1V +n

r=1

2m(m+l)
2
=n* +2n

+Nn

Examiner comment

The answer could also be written as n(n + 2).

2r+1 _1 1 1]
F+DE+2r+2) P21 P2’

(b) Show that

T 1 B r*+2r +2 B r*+1
r’+1 r*+2r +2 (r2+1)(r2+2r+2) (r2+1)(r2+2r+2)

_(r2+2r +2)—(r2+1)
B (r2+1)(r2+2r +2)

_ 2r +1
(r* +:l_)((r2 +2r +2)

Examiner comment
* |t was common to see an attempt to find the partial fractions. The denominators are quadratic and so the

numerators must be taken to be linear.

2r+1 _Ar+B Cr+D

e The appropriate form to consider is = + .
PRIop (r2+1)(r2+2r+2) 4l 24242
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(¢) Use the method of differences to find Z( N l)2(r +i 2rt2) [2]
I" r r

. 2r +1 - 1
VZ_;(V‘2+1)(V‘2+2V+2) ,zlr +1 (‘,+1)2+1
+ z
2 5
e

5 10
1 _3
10 17
1 1

Examiner comment
* The answer could also be given as ——2;.
2 n+2n+2
It is important to show enough complete terms to justify the cancellation. Any term with parts that appear in the final
answer should be shown, plus at least one pair of consecutive terms to show how the cancellation works.

(d) Deduce the value of Z( n 1)2(r +i 212 [1]
” r r

as n — « the second term tends to zero, so

i 2r +1 _1
(r* +:L)(r2 +2r +2) 2

r=1

Examiner comment

This part was sometimes omitted.
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Question 2

2 Prove by mathematical induction that, for every integer n = 2,

dd:n (elnx) = (—1)" (n—2) Ix". [6]

%(x(mx)=x%+lmx =1+ [nx

d* 1
e (Xlnx) =
(—1)2 (2 - 2)-’le2 = X" so the result holds for k = 2

k

dx ©

assume that (xlnx) = (—:L)k (k - 2).’xl”‘ is true for some integer k > 2

(k —2)!x*** (2 - k)

)
1)(-2) (k —2)(k - 2)1x

I
—_ —_—

_ (_1)k+1 ((k N 1) B 2)!x17(k+1)
therefore if the result holds for k it also holds for k = 1. It is true for k = 2 and

R . . . . dn n 1-n
so by the principle of mathematical induction dx—n(xlnx) = (—:L) (n - 2)!x
for all integers n > 2

Examiner comment

» The two stages for differentiating xInx should be clearly shown.
* The substitution of 2 into the formula must be shown to prove it gives the same result as differentiating.

* Aclear assumption of the result for some value of n must be shown. Some solutions assumed the result for all
values of 7.

» The derivative must be arranged to show that it is the same result as substituting (k + 1) into the formula.
¢ The final statement should include the algebraic form of the result proved and that it is true for all integers n > 2.
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Question 3

3 The points 4, B and C have position vectors
2j+3k, —5i+3j+k and i+2j+5k
respectively, relative to the origin O.

(a) Find the equation of the plane ABC, giving your answer in the form ax+by+cz = d. [5]

X§=—51'+j—2k AC =i + 2k

normal to plane is (=51 + j—2k) x (i + 2k)

= (1x2-2x0)i-((-5)x2-(-2)x1)j+((-s x0-2x1)K|

=2i+8j -k

plane is 2x +8y —z =d

point A (O, 2, 3) lies on the plane 2 (O) + 8 (2) —1 (3)=d so d=13
2X + 8y —z=153

(b) Find the perpendicular distance from O to the plane ABC. [2]

perpendicular distance from O to the plane is

2x0+8x0-1x0-13 13

V27 18 + 17 Joa

(¢) Find the acute angle between the line O4 and the plane ABC. [3]

if 0 is the angle between the line OA and the normal to the plane ABC

2 (o
8 |.|2|=VeaV13 coso
1|3

cos6 = 2(0)+8(2)-2(3) _ \/E — 0.43406
\/22 +8% + (—1)2 \/02 + 2% + 3% 64
0 =64.275°

acute angle between the line OA and the plane ABC is 90 - 64.275 = 25.7°

Examiner comment
It was not always clear which angle was being found. It was common to see the final answer 6 = 64.3°.

8
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Question 4

4  The cubic equation b tex—1= 0, where b and c are constants, has roots o, 3, 7.

1 a B
It is given that the matrix [ 1 7| is singular.
B v 1

(a) Show that o + 3> +7? = 3.

X2 +bx* +cx-1=0

= R r
X R R
R R ™
I
V)

1(1—y2)—a(a—ﬁy)+/3(ay—1)=o

1-o”-B*-y* +afy +afy =0

(2

from the given equation afy = 7

so 1—(a2+[32+y2)+2=0

a®+p*+y* =3

Examiner comment

=1

(4]

Candidates needed to clearly refer to the coefficients of the given equation to prove that afy =1.
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(b) Itis given that o’ + ﬁ3 + y3 = 3 and that the constants » and ¢ are positive.

Find the values of b and c.
a®+ba* +ca-1=0
B> +bp*+cp-1=0
y>+by* +cy-1=0
summing (a3+/33+y3>+b(a2+B2+y2)+c(a+ﬂ+y)—3=0
using o” + p* +y* = 3 (part (a))
a+B+y=-b (from original equation)
a®+ 7 +y° =3 (given)
3+3b -bc-3=0
b(3-c)=0
b>0 so ¢c=3

(a+ﬁ+y)2 :(a2+ﬁ2+y2)+2(aﬁ+ﬂy+ay)

(—b)2:3+20:q

b>05sb=3

Examiner comment
Some candidates did not use the condition that both b and ¢ are positive, and gave extra answers.

10
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Question 5

5 The matrix M represents a sequence of two transformations in the x-y plane given by a one-way stretch
in the x-direction, scale factor 3, followed by a reflection in the line y = x.

(a) Find M. [3]

one-way stretch in the x direction with scale factor 3

B

reflection in y = x

o 1
1 0

M_0130_01
112 ol]lo 1] |3 ©

Examiner comment

The transformation applied first must be placed on the right-hand side.

(b) Give full details of the geometrical transformation in the x-y plane represented by M. [3]

reflection in y = x

followed by one-way stretch in the x-direction with scale factor %

Examiner comment

* The order of transformations was reversed.
* The transformations needed to be described in the same way as in part (a).
» Candidates were not asked to calculate M- at this point.

1
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1 2
The matrix N is such that MN = <3 2).

(¢) Find N. [3]
1
MN:[ 2]
3 2

M™*MN =M™ 2
3 2

N-mr|D 2
5 2

Det M=0x0 -1 x 3= -3

Mizi[o _1} o 3
3\ °) |1 o
o Xl 2) |1 2
N=l 3|5 o|7|. 3
1 0 1 2

Examiner comment
The equation mustbe left-multiplied by M.

(d) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane
represented by MN. [5]

1 2[x| [ x+2y
3 2|y [3x+2y
3X +2mx = m(xX + 2mx)

3+2m =m(1+2m) = 2m?* - m -3 =0

W\:EW\:—:L
2

3
-2 dy=-—
y=Sx andy=-x

12
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Question 6

6  The curve C has polar equation » = atan <%9), where a is a positive constant and 0 < 0 < 27.

(a) Sketch C and state, in terms of a, the greatest distance of a point on C from the pole. [3]

o)
1
Qo

A\ 4

greatest distance of a point on C from the pole is a

Examiner comment

* The pole and the initial line needed to be clearly identified.

0
* Many graphs had places where r decreased as € increased. r = tan (—j is an increasing function on [0, 27] and
the graph needed to show this. 8

¢ Marking a on the graph or stating (a, 2r) did not identify the maximum distance from the pole. The answer needed
to be clearly identified as the maximum distance.

(b) Find, in terms of a, the area of the region bounded by C and the initial line. [4]

Area = iatzrmtam2 (E 9)0(9
2 o 8
= iazrﬂsec2 (3 9)— 1de
2 ° 8

r 2r
=£a2 gtan EO .y
2 i 8 o

) 1
a” | (stan (g 27:} = znj - (8tano - 0))

zgaz(s_zﬂ):az(zp_n)

13
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Examiner comment

¢ The limits needed to be clearly shown.
¢ Both limits needed to be substituted into the integrated function.

¢ The integration could be carried out over the single range [0,2x]. Several solutions divided it into two parts, which
gave more chance of making a numerical error.

(¢) Show that, at the point on C furthest from the initial line,

4sin<%9>cos€+sin6 =0

and verify that this equation has a root between 4.95 and 5. [6]
when furthest from initial line y =rsind = asinftan g0 (S maximum.

d_y =a cos0O tan ge} + ga sin 0sec” (g 9]

do
d
when —y:O
do
a cos 0 tan 39 +£a5l'l/\95662 E9 =0
8 8 8
cos 0 sin i@ cos 36 +£sim9=0
8 8 8
005(9)¢0

8sin [g&] cos (gel + tand = O

.3 1 .3
: 2sin| —0 |cos| —0 |=sin|—0

4 sin (i 9} + tand = O
4
when 0 = 4.95, 451'm(%9]+tan0 =-0.349... <O

when 0 = 5, 451'm(%9]+tam9=0.415... >0

There is a change of sign so the equation has a root between 4.95 and 5.

Examiner comment

¢ When dividing by a factor, candidates should always check whether it could be zero.

¢ Some candidates did not show the double angle formula that they were using. They were proving a given result so
all details were needed.

. (1
¢ The numerical values of the function 4sm(29j + tan6 needed to be calculated to show the sign change.

14
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Question 7
. x2+x—4
7  The curve C has equation y = —5———.
X" +x+2
(a) State the equation of the asymptote of C. [1]

y=1

Examiner comment

The answer needed to be given as an equation.

(b) Show that, for all real values of x, —% sy <L [4]

discriminant method
 XP+x -4
X2 +X +2

rearvanging x> (y -1)+x (y -1)+2y +4 =0
for this equation to have real roots the discriminant >0
(9-1) ~4(y -1)(29 +4)50
(y-2)(y-1-8y -16)>0
(g—l)(7g+17) <o

17
T <Y<z

y=1 = x*+x-4=x"+x-2 = —4=-2 whichis impossible

so Y # 1 (the asymptote)

7
inequality method y = Xtx -4
X*+Xx +2
rearvanging Yy = 1. &
99 X2 +x +2
6

15
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2
since )<+E +Z>Z
2 4 4
6 _ .7 2%
IV 4 7
X+ | +
2 4
24
> 1-"—
J 7
S5 _ 7
y= -
also
1Y 7
X+—| +—>0
e > O
2
1
X+ | +—
y=21- 62 <1
1 7
X +—| +—
17
-~ <Ky<1
g Y

Examiner comment

¢ The answer was given in the question, so full working and reasoning needed to be shown.

* Most candidates found the numerical values given in the question, but did not give a full explanation of why the
inequality was given in this form.

¢ For the discriminant method, it needed to be clear that we were looking for real roots, and the correct inequality
must be used.

¢ Factors should be shown to justify the regions chosen.
* Candidates needed to give an explanation astowhy y #1 .

2

1 7

* For the inequality method, completing the square in the denominator proves the range of values for [HEJ +Z
and justifies the subsequent rearrangements to find the range for y.

16
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(¢) Find the coordinates of any stationary points of C. [3]

dy (x2 + X +2)(2x +:L)—(x2+x —4)<2x +:L)

ax (x2+x +2)2

b(2x + :L)

(x2 + X +2.)2

: . d 1
for stationary point % _0 0 2x+1=0 x=-=
dx 2

. . 1 17
stationary point is (——,— —j
2 7

(d) Sketch C, stating the coordinates of the intersections with the axes. [3]

O+0 -4
oO+0+2

when Y =0 X2 +X —4=0 X =

14417
2

intersections with the axes are

(0,-2), (i(—1+ 17),0}, [i(—l—\/ﬁ),oj

Examiner comment

Axes and asymptote needed to be labelled.
The graph needed to show a smooth minimum point.
The graph needed to approach the asymptote steadily and closely.

17
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2
_|_ —
(e) Sketch the graph with equation y = % and find the set of values of x for which
x| x|+
<P +lxl=4 __, 5
| x |2 +|x|+2 2
N y

‘x2+‘x‘—4__£

‘x2+‘x‘+2_ 2

2 2

2 ([ + x| - 4 ) = =2 [e[ +[x|+ 2]
2

3x[ +3)x|-e=0

(el 3]l 2) =0

x|>0
le
X =+1

using the graph

‘x‘2+‘x‘—4<_£ when -1 <x <1
2

2
‘x‘ +‘x‘+2

Examiner comment

¢ Another method was to consider the right-hand side of the graph, where x > 0 to find the value x = 1, then the
symmetry of the graph gave the final answer.

* The graph needed to show a sharp change of direction at the point (0, -2) and symmetry in the y-axis.

18
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